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Introduction. The object of this paper is to study initial value problems

for the equations

(0.1) ut(x, t) =—P \        —-— = 0«
T       J _i £, — X

and

1    d _ /• +1   »(£, <)<#
(0.2) r,(x, 0 =-F-— = Í2*p,

iv   dx    J -i      % — x

where the integrals are taken in the sense of the extended principal value of

Definition 1.1. This problem, suggested by W. Feller, arises in the theory of

stochastic processes. However, it is interesting from a purely analytic point

of view, and this paper will be concerned only with that aspect. A prob-

abilistic interpretation of our result will be found in a forthcoming paper by

Feller. For a precise definition of the operators ß and ß* see §1.

The equation

(0.3) mix, t) = w-'P |        —-— = - I-'u,
•7-00       £ — x

where the underlying space is C[— °o, + °° ], has been considered as the

backward equation for the Cauchy process in [2]. The solutions are harmonic

functions in the upper half-plane. We may consider the solutions of (0.3)

as transformations on the initial values, that is for fEC[— =°, H- °° ], we de-

fine Ttf = uit, x), where u is the solution of (0.3) such that u(0, x) =f(x). These

transformations have the semi-group property Tt+hf= TtThf- In view of

this, v/e might expect the semi-group given by

(0.4) Ttf
-/_ (f - x)2 + t2

where fEC[— <x>, + go ]t to have —I1as infinitesimal generator. This, how-
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ever, has been proved rigorously only for Lv[— °°, + oo ], p>l, by E. Hille

[6].
Our equations represent the analogue of the Cauchy process on the finite

interval. In the terminology of diffusion theory, we may call (0.1) the "back-

ward equation" and (0.2) the "forward equation." Oddly enough, the initial

value problems and semi-groups associated with our equations bear a strong

resemblance to those connected with the pair of parabolic differential equa-

tions

x
(0.5) ut = Uxx-m

1 — x2

and

d  ( x )
(0.6) vt = —{vx(x,t)-v(x, t)} .

dx I. 1 - x2 )

This resemblance accounts for the unexpected similarity between the equa-

tions (0.1) and (0.2) and the diffusion equations for the case of regular

boundaries. It should be noted that while equations (0.1) and (0.2) are in a

sense adjoints to one another, (0.5) and (0.6) are not; in diffusion theory

the forward equation to (0.5) would be (0.6) with the first minus sign replaced

by a plus sign. We would expect our equations to behave like the heat

equation ut = uxx rather than like (0.5) and (0.6).

To solve the initial value problem for (0.1) and (0.2) we shall follow the

pattern used in [3] for the treatment of the parabolic partial differential equa-

tions. The integration problem is treated there as an abstract problem for

semi-groups. We shall start with (0.1), the backward equation, on the space

C[— 1, +l]. A set SC-D(ß) is called a lateral condition or conditioning set if

the contraction ß/2 is the infinitesimal generator of a contraction semi-

group. We show that all the admissible lateral conditions for the backward equa-

tions of diffusion theory have analogues for (0.1). We shall not prove in this

paper that our lateral conditions are the only possible ones, that is, that we

have constructed all the contraction semi-groups "generated by ß" in the

terminology of [3]. However, this follows from a generalized version of the

proof for the parabolic differential equations which will appear in a forth-

coming paper by Feller.

Next, we shall investigate the semi-groups of transformations adjoint to

those generated by ß, cf. §§11, 12, 13. In general, the infinitesimal generator

of the adjoint semi-group is given by a contraction of ß* plus additional

terms. Only with special lateral conditions will ß* generate the adjoint

semi-group. A similar situation arises in the differential equations' case

The lateral conditions on (0.3) which give a differential operator as the gen-

erator of the adjoint contraction semi-group are called the analogues of the
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classical boundary conditions. For the singular differential equations (0.5) and

(0.6) they are

(0.7) q¡    lim    uit, x) + i-i)>pj    lim    (1 - x2yi2ux(t, x) = 0
*-*(-l)' s-(-l)'

and

(0.8)     q¡    lim    (1 - x2yi2v(t, x) + (-1)'    lim    (vx-v) = 0
*-»(-!)' *-» (-1)' \ 1 —  x2    /

respectively, where £y=ä0, ç,è0.

In our case, the analogues of (0.7) and (0.8) are

(0.9) qi lim u(t, x) + pi lim x«_l I     ux(t, x)(l — x2)ll2dx
X—>1 €—K) «/  l_e

and

/' ^                                                                                   /* "^*    V(t    XidXv(t, x)dx + Pitt-1 ess. lim F I       —'--
i-,                                  i-»i        J _i       a; — ¿

with similar expressions for the left boundary, cf. Theorem 12.1 where the

case cr = r = 0 gives the analogue (0.10).

On the infinite interval, for each 0<a=g2, there is a stochastic process,

namely the symmetric stable process of order a. The Cauchy process cor-

responds to a— 1, and the diffusion to a = 2. A study of these semi-groups for

the analogous processes corresponding to 0<a<l and 1 <a<2 on the finite

interval will be made in a subsequent paper. Kac [7] has studied the prob-

lem for general a, which corresponds to the "absorbing barrier" case of the

diffusion equation. Kac's point of departure is the theory of summation of

independent random variables(2).

This connection of the stable distributions with diffusion theory has

been discovered by Bochner (cf. [2]). Feller [2] has treated this connection

from the point of view of Riesz potentials.

The Hille-Yosida theorem [see §l], which gives the necessary and suffi-

cient conditions that an operator on a Banach space X he the infinitesimal

generator of a contraction semi-group [cf. Definition 1.3] with range dense

in X, leads us to a study of the resolvent equation \u — ßw = h. We shall show

that this equation is equivalent to

/+i p+i
K(x, y)u(y)dy = J      K(x, y)h(y)dy,

where K(x, y) is defined in (2.6). The homogeneous equation corresponding

(2) In [7] Kac outlines the theory for general a. The detailed theory for <* = 1 has been

developed by Kac and Pollard [8].
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to (0.11) appears in [8], but has been used there only for L2. We shall treat

(0.11) in C[— 1, +1 ] and give proofs for the existence of positive, continuous,

norm-decreasing solutions. If an arbitrary, positive, continuous function is

put on the right of (0.11), the solutions u are not necessarily positive. How-

ever, we can show that if h^O in (0.11), then so is u. §§1-7 are concerned

with the solutions of the resolvent equation.

The author wishes to thank William Feller for many helpful discussions

and suggestions.

1. The operators ß and ß*.

Definition 1.1. Let g(t) be a function such that

(1.1) essential limit F I        - = I.
g(t)dt

*-»± i J -i    I — x
f      iiJ_i    / '±i

exists. For such g we define the extended principal value,

■+1g(t)dt

(1.2)
/: t

to mean the ordinary Cauchy principal values, cf. [S], for \x\ <l and l±i for

x= +1.

The reason for this definition may be illustrated by taking g(x)

= (l—x2)~112. The extended principal value is =0 on [—1, +l] but the

Cauchy principal value does not exist at ±1.

Definition 1.2. The operator ß from C[— 1, +l] to itself is defined by

(1.3) Qf(x) = Tr-iF j       -
«7_i   I — x

with domain -D(ß), the set of all absolutely continuous functions for which the

right side is in C [ — 1, +1 ].

The operator ß* from L [ — 1, +1 ] to itself is defined by

f(t)dtd _ r+1fd)
(1.4) n*/(x)=x-1-F —

dx    J -i   t — x

provided the right side is in L[— 1, +1 ].

Lemma 1.1.  The domains of ß and ß* are dense in  C[ — 1,  +l] and

L [ — 1, +1 ], respectively.

Proof. To prove this we use the formula

tndt1 - f
(1.5)        L = —P\       — ^777; = x"-1 + a2x"-2 + ■ ■ ■ +an
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where

an = 0, n even,

(1.6)
1   /• +1     r-ldt 1 ■ 3 ■ 5 • • • n - 2

an = — I      -  =-> n odd,
x J-i   (1 - Í2)1'2      2-4-6 • • • n - 1

«i = 1.

This formula is proved using the fact that/0 = 0, cf. [4, last chapter], and the

simple recursion relation

(1.7) /„ = x/„_i + an.

From (1.5) we see that D(Q) contains all functions of the form f(x)

= pn(x)(l—x2)ll2+A arc sin x+B, where A and F are constants and pn(x)

is a polynomial of degree n. This set is clearly dense in C [ — 1, +1 J. Similarly,

Z7(ß*) contains all functions of the form pn(x)(l— x2)~112.

If gEL[-l, +1], then P■ jt\g(t)dt/(t-x) exists for almost all x

E[—l, +l], cf. [10, chap. V]. Another useful relation which we shall em-

ploy is contained in the following lemma.

Lemma 1.2. The transformation

,+lf(x)(i - x2y<2dx
(1.8) Tfit)

i     r+1

■K        J —1 t

is a continuous transformation from the space Il[(l—x2)112] of f such that

ftlP(l-x2y<2dx<oo to the space H[(l-x2y112}. Furthermore, TPn = Qn+i

where {Pn\ and {Qn} denote the Jacobi polynomials which are orthonormal

with respect to (l—x2)112 and (1— x2)~112, respectively.

Proof. That TPn = Qn+i is proved by Ahiezer in [l]. The continuity fol-

lows easily from the fact that if fEH[(l -x2)1'2], then /(1-x2)1'2

ELt[ — l, +l]- The transformation is continuous in Z2 (cf. [10, chap. V].

If we put/= 2Zî°-i akPk(x) it is clear that T(^%=1 akPh(x)) converges in the

norm of H, and from the F2 continuity it follows that it must converge to Tf.

Definition 1.3. Let X be a Banach space in which positive elements are de-

fined. A semi-group of linear transformations from X to itself is called a contrac-

tion semi-group if

(1.9) INI s Ml,
(1.10) || Tl+hx - Ttx\\ -> 0 as h I 0,1^0,

and if

(1.11) x ^ 0    implies    Ttx ïï 0.

Theorem 1.1. (The Hille-Yosida Theorem.) The infinitesimal generator
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A of a contraction semi-group on X with range dense in X is a linear operator

with domain dense in X. Furthermore, to each xEX and each X>0, there exists

a unique y\ED(A) such that

(1.12) \||yx|| ^ ||*||.

(1.13) Xyx - .4yx = x,

and

(1.14) y\ 5ï 0    when    x 2ï 0.

Conversely, a linear operator with these properties is the infinitesimal gen-

erator of a contraction semi-group with range dense in X.

In our case ß itself is not an infinitesimal generator since Xm— ßw = 0 has

solutions, cf. §7. However, ß may be the extension of an infinitesimal gener-

ator. The problem of finding the most general lateral condition is to de-

termine all sets 2 (independent of X) such that Xy\— ßy* = x has a unique

solution for xEC[—l, +l], satisfying (1.1) and (1.14). Then the contraction

ß/2 is the infinitesimal generator of a contraction semi-group.

In case the closure S is a proper subspace of C[—l, +l], we must take

2 = X in the Hille-Yosida Theorem in order that the conclusion of that theo-

rem hold. The restriction that the range of the semi-group be dense in X is

equivalent to the statement that ||F(x —x||—>0 as ¿—>0 for all xEX, cf. [3].

Hence all our solutions converge in norm to the initial values. This does not

mean that the semi-group admits no extension from 2 to the whole space but

the extensions will converge only pointwise to the initial value.

It might be pointed out that a certain duality exists between the solu-

tions of Xw— ß« = 0 in C[— 1, +1 ] and those of \v— il*v = 0 in L[— 1, +1 ].

If v is a solution of the latter, then there exists an a such that u = fxav(t) dt

is a solution of the former, and conversely, if « is a solution of Xw— ßw = 0,

then u is absolutely continuous (cf. Theorem 2.1) and u' is a solution of

\v-iï*v = Q.

2. Formal reduction to an integral equation. In order to apply the Hille-

Yosida theorem we must make a study of the equation

(2.1) X/(x)-F -=-^- dt = h(x)
IT J -1     t  —   X

where h(x) is given in C[— 1, +l]. In this section we reduce (2.1) to an inte-

gral equation in a purely formal way. The proof will be carried out in §3.

The following lemma, due to H. Söhngen [9], makes this reduction

possible.

Lemma 2.1. If g(x) and g2(x)(l—x2)112 are integrable in [—1, +l], then

the only solutions of
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1      r +1 f(t)dl
(2.2) g(x)=—P\     ^^> -Kx< + 1,

IT J -l    t   —   X

such thatf(x) and f2(x)(l—x2)112 are integrable in [—1, +l] are given by

A 1 /• +
(2.3) f(x) =-F

(1  -  X2)1'2 7r(l  -  X2)1'2       J_! Í - x

where A is an arbitrary constant.

Applying this inversion formula to (2.1) we obtain

A

+lg(t)(i - t2y<2

-dt a.e.

fix) =
(1 - X2)1'2

l r+1{\f(y)-h(y)\-(i-y2yi2
-F I      -ay      a.e.

x(l - x2)1'2     J_j y-x

Then, integrating (2.4) formally, we get

K(x, y)f(y)dy =  I       F(x, y)h(y)dy + A arc sin x + F

where

(2.«      K{, „ . 1 iog {'-*?+«'-»•><'-*•»■"!.
2x ll - xy - ((1 - x2)(l - y2))1'2}

It will be seen in §§4 and 6 that we can write the solution to (2.5) in terms

of a solving kernel T(x, y; X). This gives

(2.7) f(x) = F(x) - X J     T(x, y; \)-II(y)dy + A^x) + B<t>2(x)

where

H(x) = J     K(x, y)h(y)dy,

ç +1
(2.8) <i>i(x) = arc sin x — X I       T(x, y; X) arc sin ydy,

1 X   f+1
<pi(x) = — - — 1       T(x, y; \)dy

2 2 »/ _i

with arc sin ± 1 = ±7r/2. It will be shown in §7 that (pi(x) and (f>2(x) are solu-

tions of the homogeneous equation, i.e. the equation (2.1) with h(x)=0.

In view of the fact that the resolvent kernel satisfies
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(2.9) T(x, y) + X J*     K(x, p)T(p, y)dP = F(x, y),

we may rewrite (2.7) as

(2.10) /(*) = J     T(x, y)h(y)dy + A(bi(x) + B(j>2(x).

We have omitted the X in T(x, y; X) for simplicity.

The precise statement of this equivalence is contained in the next theorem.

Theorem 2.1. If hEC[— 1, +l], then every absolutely continuous solution

of (2.1) is also a solution of (2.5) for some A and B. Conversely, every continu-

ous solution of (2.5) is an absolutely continuous solution of (2.1).

The proof of Theorem 2.1 is given in the next section.

3. Proof of Theorem 2.1.

Lemma 3.1. If /„(x) is a sequence of measurable functions such that fn(x)

—>f(x) as n—> oo for almost all xE[—l, +1 ], and

(3.1) I      \fn(x)\"dx< M

for some p>l, and if g(x)ELp\— 1, +l] where l/p + l/p' = 1, then

/+i /»+ifn(x)g(x)dx =   I      f(x)g(x)dx.
-1 V —1

Proof. The proof is given in [10, chap. V].

Lemma 3.2. If gEC[-l, +l], then

rx        l        (-  l   r+1 g(y)(l - y2yndy\ r+1

where K(x, y) is the function defined in (2.6).

Proof. Since we do not assume that g(x) is differentiable, the condition

given by Hardy in [5b] for the interchange of the order of integration does

not apply. However, formula (3.3) may be verified as follows. We write

1       r +

-P\T        J _i

+ig(y)(l- y2yiHy

y — x

re^o  it J -i (y — x)2 + ^2

Equation (3.4) holds almost everywhere on [—1, +l], cf. [10, chap. V].

(3.4) i  r+1g(y)(i-y*yi2(y- x)dy
— hm — I      -■— a.e.
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It is well known from the theory of conjugate functions in Lp, cf.  [10,

chap. V], that for any p>l,

i C+1g(y)(i - y2)1,2(y - t)dy >
dt

J7J_,       (y-ty + e
(o . D)

^M*f \ib)(i-Y)mUy

where Mp is a constant depending only on p. We choose p>2. Then since

(1 — x2)-1/2£Fp'[— 1, +l], we may apply Lemma 3.1 to conclude that

r        i      iT i_ r+1 g(y)(i - y2yi2dy\ di

J_i   (1 - t2y>2\      x J_! y- l ]

- iim  C        l       f1  r+1g(y)(i-y2)1/2(y-0^¿¿

" ™ J-i (1 - /*)>'* tx J-i "       (y-02 + £2       J

<3.6)     . ¡. £'i(,)(i - „.,{!/; --L_ (?_?-'+p4^

/+1 7      1    C x I dt   )

-/_
g(y)F(x, y)dy.

Proof of Theorem 2.1. Suppose first that/(x) is an absolutely continuous

solution of (2.1). Lemma 2.1 leads us to (2.4), and (2.5) follows from Lemma

3.2 and the assumption of absolute continuity; the steps are reversible.

4. The integral equation. The kernel K(x, y) is symmetric, non-negative,

and K~i±l, y)=K(x, ±1)=0 for x, yEi~I, I)- In this section we state

theorems about the equation

(4.1) f(x) + X j    /(y)F(x, y)dy = J*     k(y)K(x, y)dy.

They will be proved in the next section. The step from (4.1) to the more gen-

eral (2.5) will prove easy, cf. §8. In the terminology which is usual in dif-

fusion theory, we say that the solution/(x) of (4.1) is the absorbing barrier

solution of (2.1), that is, fix) is the solution for which limx^±i f(x) =0.

Theorem 4.1. For each h(x)EC[ — 1, +l] and each X>0, the equation (4.1)

has a unique solution fix) EC[—l, +l] and /( 1 ) =/( — 1 ) = 0. If h(x)^0, then

/(*)è0.

Theorem 4.2. The solution described in Theorem 4.1 can be written in the

form
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(4.2) f(x) = j     T(x,y;\)h(y)dy

where T(x, y; X) has the following properties:

(a) r(x, y ; X) is symmetric and continuous in y for fixed x except when x=y.

(h) T(x, y;X)èO. (c) Formula (2.9) holds.

Furthermore

(4-4) X||/|| ̂  114
Definition 4.1. We define

(4.5)

81/

, .        *   (..     /(l) - /(l - e)ï
52/ = -<l\m   -V ,

21'2 U-,0 e1'2 )

.Jl/a, *-! + ■>-■"-Dl
21'2 l^o e1'2 /

Theorem 4.3. F; hEC[— 1,   +l] and f(x) is the solution described in

Theorem 4.1, ¿Aew ô,/ exists and is given by

(4.6) 5y/= (~l)'+1J     h(x)tf(x)dx, J =1,2,

/l - x\(-umi2 r+1 (i - y\(-1)i+1/2

(4.7)    i/(«) = (—)      -»J/c^y      *

5. Preparatory lemmas. The lemmas of this section will be used to prove

the theorems of §4.

Lemma 5.1. If K(x, y) is defined as in (2.6), then

/K(x, y)dy = (b — x)K(x, b) + (x — a)K(x, a)
a

+ x_1(l — x2)1/2(arcsin b — arcsin a).

Proof. Integrate by parts.

The following lemma will not be used until later sections, but for con-

venience we prove it here.

Lemma 5.2. For each e>0 we can choose an 17 >0, independent of x, so that

(5.2) f   K(x,y)dy<t
•7 j?
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for \x\ all where Rvis the region defined by \x—y\ <r¡ and \y\ ¡gl.

Proof. From Lemma 5.1 we have for — 1 +n<x<l—n,

I     K(x, y)dy = r¡K(x, x + r¡) + r¡K(x, X — ti)
(5.3)     J rv

+ x_1(l — x2)1/2[arcsin (x + 17) — arcsin (x — r¡)],

while for 1— ?7<x<l,

/F(x, y)dy = t?F(x, x — r¡)
a-(5.4)

+ x_1(l — x2)1/2[arcsin (x + r¡) — arcsin (x — rj)].

A similar formula holds for —1 <x< —1+7?. Clearly, it is sufficient to show

that given ô>0, we can find 77 >0 so that r7F(x, x±n) <5 for all x£ [— 1, +l].

We write the kernel in the form,

1       /((l-^/' + ii-yW+^-y)8)
(5.5)       F(x, y) = — log  <-> .

2x \iil - x2)1'2 - il - y2)1'2)2 + ix - y)2)

Since 7?2<((l-x2)1/2±(l-y2)1/2)2+?72<4-l-773 for x and y in  [-1, +l], the

lemma is proved.

Lemma 5.3. If fix) is bounded on [—1, +l] and

w(x) =0, I x I > 1,

(5.6) #•+»f
i(x) =   I       F(x, y)/(y)¿y. -1S»S1,

/Äew /Aere exwtó a S>0, independent of x, such that for \h\ <b, and all 0 <a

<l/2,

(5.7) I m(x + h) — m(x) I < Afa| A|a, — °o < x < «>,

where Ma is a constant depending only on a.

Proof. Assume h>0. Then for |x + A| <1,

I F(x + h, y) - Kix, y) \ dy

/x s* x+h

Kix, y) - Kix + h, y)dy + j Kix, y) + Kix + h, y)dy

(5.8)

+ f     Kix + h, y) - Kix, y)dy.
•I x+h
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The first and second integrals are given by

(5.9) hKix + h, x) -\-(arcsin x - — J[F(x) - F(x + h)]

and

(5.10) 2hK (x, x + h) H-[arcsin (x + h) - arcsin x] [F(x) + F(x + A)]
x

respectively, where F(x) = (1 — x2)1'2. The third integral is similar to the

first. From (5.5) we see that h1~aKix, x+h) <e for h sufficiently small.

Furthermore,

/x+h
(1 - P)-U*di á||(l - x2)-1'2||íl/^1-1/*,

for all Kp<2. A similar estimate holds for F(x) —F(x+A). For |x+A| >1,

|x|^l, we have |uix+h) — w(x)| = |m(x)| :S||/||(1 — x2)1/2. This completes

the proof of the lemma.

Lemma 5.4. J/g(x) satisfies (5.7) for some 0<a<l/2 on [—1, l], then

«i* , ï f+'giyXl-y2)1'2
(5.12) 7)(x) = F I      -ay

J_! y — x

satisfies (5.7) /or a// xG [— °°, + °° ]•

Proof. The function defined by g(x)(l — x2)1'2 on [—1, +l] and zero

elsewhere satisfies (5.7) for all x£[—», + œ ]• The lemma then follows

from a well known result proved in [10, p. 145].

Lemma 5.5. If fix) satisfies (5.7) for some 0<a<l/2, then w(x) defined in

(5.6) has a continuous derivative in (—1, +1).

Proof. We have by Í3.3)

■ f(y)(i - y2)1'2/dt r +1-P
_! (i - t2y'2  J_i(1 - t2)1'2    J_i y-t

dy,

so that u'(x) is equal to the integrand, which is continuous in ( — 1, +1) by

Lemma 5.4.

Lemma 5.6. Ifh(x) satisfies (5.7) andf(x)EC[—l, +l] satisfies (4.1), then

f+1 f(t)
(5.14) F(x) = F I      -^— ¿/

J_i   I — x

is absolutely continuous in \— «>, + oo ].
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Proof. We first note that/(x) satisfies (5.7) by Lemma 5.3. Furthermore

by Theorem 2.1, equation (2.4), and Lemma 5.4, it follows that/(x) has a

continuous derivative in ( — 1, +1). We next show that

(5.15) Fix) = -   I      fit) log | / - x | dt, - 1 < x < 1.

First,

f     + f    ' ~-4t- -  C   + f    ' fit) log \t- x\
•7 x+e        J —i       t —   X J x+e        «7 _i(5.16) ., x+e

+ [fix + e) -fx-t)] loge.

Since/ satisfies (5.7), we obtain (5.15) upon letting e—>0. Moreover, we can

show that

r+1 fit)
(5.17) F'ix) = F j      -^---dt, - 1 < x < 1,

J -i  I — x

which is continuous in (— 1, +1) since / satisfies (2.1). To prove (5.17), note

that for -Kx<l,

/+1                               /. x+h      ¿u
fit)dtP  I-

_1                               J x          U  —   t

(5.18)
f+1    r ■  cx+h   u — t   i

~J_, /wLisJ.  (« - o2 + AL
Since fit) il-t2)1'2 is continuous, it follows that fit) ELp[-l, 4-1] for all

1 <p<2. Hence by Lemma 3.1 and the argument used in the proof of Lemma

3.2,

/+!                   f x+h            U —  t
f(t)dt-—— du

-1                J x       (m — ¿)    + «

çx+h ç+l    yit)

(5.19) = lim - du]-
e—O       J x J -i   (w — t.

1+1 .

-1

1 /'(/)

(« - ty + ->

duP]_
t  -   H

dt.

Since the integrand is continuous at x, we have (5.17).

We have now shown that F(x) has a continuous derivative in (—1, +1).

It is clear that F'ix) is continuous for |x| >1. Furthermore lim^i- F'ix)

= lirrw- A(x) < oo by (2.1) and Theorem 2.1 and limx,i+ (x2-1)1"^^) < «>

by (5.17). A similar statement holds at — 1. From Lemma 5.3 the function

defined by/(x) on [—1, +1 ] and 0 elsewhere satisfies (5.7) on [— °°, + °° ]•
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Hence from the result quoted before in [10, p. 145], it follows that F(x) satis-

fies (5.7) on [—«J, -f- co ], and, in particular, at ± 1. Combining the results of

this   paragraph,   we   conclude   that   F(x)   is    absolutely   continuous   in

[- °°, +00].

Lemma 5.7. If fix) ^0 (/^O) satisfies (5.7) for x£[-l, +l] and fix) =0
in [a, b] where —1 <a<o<l, then u(x) defined by (5.6) has no relative maxi-

mum in [a, b].

Proof. For xEia, b),

u"(x)(l - x2) - «'(*)• x-il - X2)"1'2

(5.20) f ,   rlf(y)(i - y2)112

(y - xy"/>/.
dy > 0.

If u'(x) =0 for some x£(a, b), then (5.20) implies that u"(x) >0. Hence there

is no maximum in (a, b). Now suppose that u'(b) =0. Then

"(b - e)[l - (b - e)2Y'2

>J.1 (y-by dy+ir
•afiy)(i- y2)112d      rlf(y)ii - y2)11

(5.21) J_x      (y-b)2        y     J b~    (y- a)2

(b- e)
+ u'ib - e)

[1 _ (6 _ e)t]i/i

which is >0 for e sufficiently small since lime-.0 u'ib — e)=0 by Lemma 5.5.

Therefore, there is no maximum at x = b. A similar argument excludes the

possibility of a maximum at x = a.

Lemma 5.8. If (j>(x)EC[-l, +1} and

(5.22) cp(x) + X f     Kix, y)4>(y)dy = A

for someX^Q, A^O, then </>(x)^0 on [—1, +l].

Proof. From Lemmas 5.3 and 5.5, it follows that <?>(x) has a continuous

derivative in ( —1, +1). We split (p into its positive and negative parts, i.e.

set (p=(p+—(p- and assume that 0~f^O. Put

F(x) = j     Kix, y)(t>+iy)dy,

(5.23) -^

iV(x) = J       Ä-(x, y)<p-(y)dy.

Since <?S- also satisfies (5.7), it follows that A7(x) has a continuous derivative
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in ( — 1, +1). The maximum of Af(x) is assumed at a point c in (—1, +1).

By Lemma 5.7, the point c cannot belong to an interval in which </>~ = 0.

Hence, there is an interval (a, b) such that

-Ka<c<b<l,

(p~(x) > 0 for x in (a, b),
(5.24) '

4>-(a) = 4,-ib) = 0,

<p+(x) — 0 for x in [a, b].

We also have

A - (¡>(c) + X f     F(C, y)<>(y)a7y
(5.25) •/ _i

= - <p-(c) + \P(c) - \N(c) < \P(c) - \N(c).

By Lemma 5.7, the function P(x) can have no maximum in (a, b). Hence,

the largest value of P(x) in [a, b] is assumed at x = a or x = &, say x = ô. Then

\P(c) - \N(c) ^ \P(b) - \N(c) ^ XF(ô) - \N(b)

(5.26)

■/:
= <p(b) + X K(b, y)<p(y)dy = A,

which is impossible in view of (5.25).

6. Proof of Theorems 4.1, 4.2, and 4.3.

(a) Proof of Theorem 4.1. By Lemma 5.8, there can be no negative eigen-

values associated with the kernel K(x, y). The first iterated kernel F<2,(x, y)

is continuous, and if (p,(x) is the eigenfunction corresponding to — X„, we can

write the solution to (4.1) as

(6.1) fix) =   f     Kix, y)hiy)dy - X¿ —-
J —i ,=i   (X,

hr(p,ix)

X)X„

with hr = /ÍJ/t(x)0„(x)¿x. The series in (6.1) converges uniformly. By Lemma

5.3, if AGC[-1, +1] then fEC[-l, +l]. Furthermore, |/(x)| ^\\\h-f\\
■(1-x2)1'2, so that linw±i fix) = 0.

We must prove that h^O implies/^0(3). For each r>0, we define an

operator AT on the space Lp[— 1, -fl] for some 1 <p<2 by

■•'-/:

Sit)       .;    /(*)
it   -   X)2  +   T

(6.2) Arf=l-\.   ,       dt-^— = HTf- —

The operator Ar is bounded on Fj,[—1, +l] and is the infinitesimal generator

of the semi-group

(3) The proof for the positivity of (\7— Í2)-1 along these lines was suggested by W. Feller.
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n

"    Hr
(6.3) Ttf=e-^2^—f

=o   n

LetA£C[-l, +1] satisfy (5.7) and define/ £C[-1, +l] and/T by

(6.4) \fT-Arf=h,       X/-Q/=Ä

where ß is defined in (1.3). Next note that

(6.5) X(/T   - /)   -  ATifT  - /)   =   (AT   -   Ö)/.

From 3.3 and Lemma 5.4, we see that/'(x)(l— x2)ll2EC[— 1, +l] and hence

f'ELp[-l, +1]. By definition it follows that ß/£C[-l, +l]. These

two conditions plus Lemma 5.6 imply l.i.m.r^0 (A,— ß)/=0 by a theorem of

Hille [6]. We may write

(6.6) (f - /) = (X7 - Ar)-^AT - ü)f.

By the Hille-Yosida Theorem

(6.7) Wfr-fWpZ^WiAr-QHW,,
which proves that/T—>/ in Lp[— 1, 4-1]. Since the h satisfying (5.7) are dense

inLp[-l, 4-1] and |(X/-^r)_1| <X"1, it follows that for all A£C[-1, 4-1 ],

(6.8) l.i.m. (\I - AT)~lh = (X7 - üflh.

Since HT is a positivity preserving transformation, so is (\I — AT)~l. From

(6.8), we conclude (XI— ß)-1 is positivity preserving. This completes the proof

of Theorem 4.1.

(b) Proof of Theorem 4.2. The solving kernel corresponding to K(x, y)

is given by

"    (pt(x)4>v(y)
(6.9) T(x, y;X) = F(x, y)-xZ  * "\

y=l    (Xv  —  X)X„

where 4>,(x) is the eigenfunction corresponding to — X„. The only part of this

theorem which is not immediate is (4.4). To prove this consider (p(x) defined

by (5.22) with A=l. We can write <p as

(6.10) 4>(x) 1 - X f     T(x, y; \)dy.

From  Lemma 5.8,  we have  O^0(x)^l.  Then  since T(x, y; X)^0 from

Theorem 4.1,

(6.11) X\f(x)\^\\\h\\j     T(x,y;X)dy^\\h\\.

These two theorems show that ß operating on the Banach space X of f une-
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tions which are continuous on [ — 1, -f-1 ] and which vanish at ±1 is the infini-

tesimal generator of a contraction semi-group, since the conditions of Theorem 1.1

are satisfied.

(c) Proof of Theorem 4.3. From (4.1)

/(l - e)        r+1 < ,K(l-t,y)dy
(6.12) -^~= {h(y)-Xf(yy

_1/S J _x      l     v"" *v^J el/2

Using Lemma 5.2 and (2.6) it is easily shown that

/(l - é) <•+». 1/14-y\1/2
(6.13) lim—-^ = - 2>'2 A(y) - X/(y)} (--"-)    dy.

e^o       e1/2 J_i \1 — yj

Upon substituting (4.2) for / and changing the order of integration, we get

(4.5). The result for ô2/ is proved the same way.

7. The equation XF —ßF=0. Before we study the resolvent in the general

case we must have some information about the solutions of

i _ r+1fit)dt
(7.1) X/(x)--F ^- = 0.

x        J -\    t — X

Theorem 7.1. For each X>0, equation (7.1) has two absolutely continuous

independent solutions:

£i(x) = X-![02(x) - X"V>l(*)],

Mx) = X-^x) +t-14>i(x)]

where (pi and </>2 are defined in (2.8). Every other solution in C[—l, +l] is a

linear combination of £i and f2.

Proof. That (¡>i and (p2 are solutions of (7.1) follows from Theorems 4.1 and

4.2 and the fact that from (1.5)

_ r+1              I
(7.3) F -dt = 0.

J_i (i - t2y>2(t- x)

Thus £i and f2 are obviously solutions. Suppose £3 is a third solution. Then

the function / defined by

(7.4) f(x) = \-U+i)-Ux)+xu-i)Ux) - M*)

is a solution of (7.1) which vanishes at x= ±1. Hence by Theorems 2.1 and

4.2,/(x)=:0.

Theorem 7.2. The functions £x and £2 defined by (7.2) are non-negative and

(7.5) llfcH g\-\ ¿=1,2.

Proof. Let
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(7.6) Vi(x) = — x a arc sin x -f- 1/2,        Vt(x) = x_1 arc sin x 4- 1/2

where arc sin + 1 =  +x/2. Then

(7.7) **(*) = -j     r(x, y)vi(y)dy + K~Si<*).

Since 17,^0, it follows from Theorem 4.1 that £¿^0. Upon adding the two

equations in (7.7) and noting that 771-I-I2—1 we obtain

(7.8) X"1 - Ux) - Hx) =   f     T(x, y)dy ̂  0,

which proves (7.5).

8. The resolvent for one absorbing boundary. The general solution in

C[—l, 4-1] of (2.1) for X>0 can be written as

(8.1) fx) = J     T(x, y; X)Ky)dy + AU«) + F£2(x)

by the theorems of §§4 and 7. The f¡ are defined in (7.2). We desire that/

be a bounded linear transformation of h. Hence A and F must be linear

functionals on A, which we will denote by Qtih) and Q*(h), respectively.

The resolvent then has the form

(8.2) f(x) = J     T(x, y; X)h(y)dy + Qf{Jh)U*) + &*(*)&(*)•

The most general lateral condition will, of course, involve both boundaries.

In order to simplify notation we shall assume, until §14, the left boundary condi-

tion /( — 1) =0. When the result is obtained for this case, the passage to two

free boundaries is exactly the same as for the parabolic partial differential

equations. Since the Hille- Yosida theorem requires that the domain of the infini-

tesimal generator be dense in the underlying Banach space, we take as the space

X of Theorem 1.1, the space Co[— 1, -4-1] of the following definition. This does

not mean that the semi-group cannot be extended to C[—l, 4-1]; it means

that the solutions of (0.1) will converge uniformly to the initial distributions

only within the subspace Co-

Definition 8.1. We define Co [ — 1, +l\tobe the space of all functions which

are continuous on [ — 1, 4-1 ] and which vanish at —I.

In this space the resolvent transformation is given by

(8.3) f(x) = j     T(x, y; X)hiy)dy + G*(*)W*)

where Q*(h) is a linear functional.

We shall now extend the results of §4.
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Theorem 8.1. The transformation (8.3) is positivity preserving and X||/||

^||a|| if and only if Q* is a positive functional with \\Q*\\ nil.

Proof. First suppose that (8.3) is positivity preserving and X||/|| ^||A||.

If A^O, then letting x-+l in (8.3) we get Q*(h)^0 since X>0. Also Q*(h)

=X-/(1)^||A||.
Now suppose that (7*^0 and ||<3*||^1. Since £2(x)^0 by Theorem 7.2,

the transformation (8.3) is positivity preserving. Also, by (7.8)

(8.4) X||/|| ^ || A|| [X£2(x)(||e*|| - 1) - X|i(*) + 1].

Since ||e*||ál and by (7.8) also O^X^-^-^X-1, the quantity in

brackets is <1. This completes the proof.

Lemma 8.1. If A£C0[— 1, 4-1] and f(x) is of the form (8.3), then

X21'2 lim e"1 f    f(x)(l - x)1'2¿x
e-^0 J i_,

- hf » - f     h(y)i2*(y)dy + Q*(A)52|2

with £* defined in (4.7).

Proof. The existence of hif and the equation on the right of (8.5) are di-

rect consequences of Theorem 4.3 and the definition of £2 in (7.7). To show

that the left equation holds in general, we write

p(e) = e"1  f    f(x)(l - x)1/2¿x
«7 l-e

1 r1 id)-fix) 1
-I      -dx = y (í)-

2eJ1_£   (1 - x)1'2 2e

e-0

(8.5)

(8.6)

n«)-
e1'2 2«J1_£   (1 - x)1'2 2e

If 5^ exists, it is clear that x21/2 lime^o PÍ¿) =b2f. Conversely, if lime,0 m(£)

exists, we solve the differential equation in (8.6) to get e^'hpie) =fópix)x~1,2dxi

since we know that lime,0 e_1/V(e) =0. Hence lime_0 €~hf/it) exists, which

implies the existence of Stf.

9. The lateral condition for one free boundary.

Definition 9.1. For given constants r^O, o^O, and p2^0 such that

(9.1) r ^ pt

and a given nondecreasing function p(x) such that

(9.2) lim   pix) = 0, lim   pix) = 1,
*-»-1+ z->+ 1-

we define 2 as the set of all /£ Co [ — 1, 4-1 ] for which
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(9.3) ptfil) =t (   fx)dpix) - o- lim Qfix) - yS2f
J _i z-»l

where b2f is defined in (4.5).

Theorem 9.1. The operator ß of (1.3), restricted by the lateral condition

(9.3), is the infinitesimal generator of a contraction semi-group with range dense

in Co[— I, 4-l] or in the linear manifold defined by

(9.4) ptfil) = rj     f(x)dp(x)

according as o+y>Q or 0-4-7 = 0. Its resolvent is given by the linear transforma-

tion

(9.5) f(x) = j     T(x,y;X)h(y)dy + i;i(x)[qi-h(l)+f     h(y) -Q(y) dy"\

with

(9.6) qi = o--A,

(9.7) Q(y) = taJ     T(x, y; X)dp(x) + yAtfi?),

where ^* is defined in (4.7) and

X
(9.8) A =-

f+1
pi — Xt I    %2(x)dp(x) + (a + 7co)X

with w = ô2£2 as defined in (4.5).

The next section will be devoted to the proof of this theorem.

10. Proof of Theorem 9.1.

Lemma 10.1. Given

f E D(Q) = domain Q,

define h by (2.1). Condition (9.3) is equivalent to

(10.1) f(l)=x[qih(l)+f     Q(s)h(s)ds~j

where qi and Q(s) are defined in (9.6) and (9.7).

Proof. Suppose first that /£2. Then clearly, since by Theorem 7.1 the

only solution of (7.1) in C0[— 1, 4-1] is £2(x), we can write
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(10.2) /(x) = f     T(x, y)h(y)dy + Xfc(*)/(1).

If/GZ, then from (10.2), (9.3), and Lemma 8.1

Ptfii) XTji   f   r(*> y)*(y)*y]¿Pi*)

Mx)dp(x) - a lim [X/(x) - A(x)]
-i i->i

4- 7 f     £2*(x)h(x)dx - Xf(l)yu.

A rearrangement of the terms in (10.3) gives (10.1). The steps can be reversed

to show that (10.1) implies (9.3).

Lemma 10.2. A function f ED(ß) is representable in the form (9.5) if and

only t//eS.

Proof. Again define A as in (2.1). We can express/ in the form (10.2) by

the argument used in Lemma 10.1. Hence, a necessary and sufficient condi-

tion that/ be in the range of (9.5) is that (10.1) be satisfied. By Lemma 10.1

this is equivalent to (9.3).

Lemma 10.3. The functional Q*(h)=q2h(l)+ft\Q(s)h(s)ds where q2 and

Q(s) are defined in (9.6) and (9.7) is a positive functional of norm less than one.

Proof. We have

Il(?*||=?2+/     Qi*)ds

(10.4)

= A ïa + t f     if     T(x, y)dy\ dp(x) +yf     £2*(x)áxl.

It is easily seen from (7.7) and Theorem 4.3 that

(10.5) oj =  f    ^*(x)-r,2(x)dx + X-1

where co is given in (9.8). Hence the right-hand side of (10.4) is equal to

X(a + yw) + T-XT f      it1 + h)dpix)-y[l-\f     &,*( l-lfe)«**]

(10.6) -     -=i-=î-

X(cr 4- 7") 4- pi — rX   I        %idp(x)
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But

/+i /»+i&*(*) [1 - vt(x)]dx = 1 - X mx)vx(x)dx
-l «7 -i

=  - 52?,X ̂  0,

since £i^0 and |i(l)=0. From (9.1) and (10.7) we conclude that ||0*||gl.

The next three lemmas are used only for the statement concerning the

density of S.

Lemma 10.4. Given e>0, there is a w(x)ED(Q) such that \\w\\ <e and

(10.8) \Stw\ < e, 1 = lim üw(x).

Proof. Let h(x) he the function defined by

(10-9) »w-t..+1-í-

Define w(x)=f±\K(x, y)h(y)dy. Then

(- 1 g x ¿ 1 - 5),

(1 - S <*á 1).

(10.10) ||w|| ^     I       Kix, y)dy4í\\j i- < e

for 5 sufficiently small by Lemma 5.3. Also by the argument used in Theorem

4.3

(10.11) hw = x-1 f      (1 4- *)1/2(1 - x)-1'2h(x)dx < e

for 5 sufficiently small.

Lemma 10.5. Given «>0 there exists a v(x)ED(ü) such that \\v\\ <e and

(10.12) lim (1 - x2y>2v'(x) = 1.

Proof. Let

t2n

. ^T2y

/x               tin
-dt.

-i (i - t2y2

We can choose n large enough so that ||»„|| <e. Furthermore Qvn(x) is a poly-

nomial by (1.5), so that vnED(Q).

Lemma 10.6. The set S defined in Definition 9.1 is dense in C0[— 1, 4-1]

if a+y>0 and is dense in the manifold defined by (9.4) if a+y = 0.

Proof. First suppose cr>0. Since F(ß) is dense in C0[— 1, 4-1] it will be

sufficient to show that to each hED(Q) and each e>0, we can find a wt such
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that \\w,\\ <e and h+wtE2. This can be done by choosing a constant A so

that

f+1
p2h(l) —   I       h(x)dp(x) + yô2h + a lim tth(x) — Ae(w) — Aa

(10.14) J_i »-»i

= A0 — Ae(w) — Aa = 0,

where w satisfies (10.8) and

ç.   +1
(10.15) e(w) = p2w(l) — t I       w(x)dp(x) + yô2w.

This gives A=ho(e+o)~1 and since, by Lemma 10.4, we can choose w so

that e(w) is arbitrarily small, there are finite values of A satisfying (10.14).

We can now put wt = Aw with \\Aw\\ <e. If <r = 0 but 7^0, then the proof

follows along the same lines using Lemma 10.5. The statement concerning the

case cr-f7 = 0 is obvious.

Proof of the theorem. Suppose a set 2 of the type in Definition 9.1 is

given. The function/(x) defined by (9.5), (9.6), (9.7), and (9.8) is a solution

of Xf— ß/=A by Theorems 4.2 and 7.1. Lemmas 10.1 and 10.2 show that,

given AeC0[— 1, 4-l] there is a unique solution of X/—ß/ = A in 2. Lemma

10.3 and Theorem 8.1 show that/ is positivity preserving and X||/|| ^||a||.

These results combined with Lemrria. 10.6 show that ß/2 satisfies the condi-

tions of the Hille-Yosida Theorem (Theorem 1.1), which proves Theorem 9.1.

11. The adjoint semi-groups. We now wish to investigate the semi-

groups adjoint to those generated by ß. This requires a study of the adjoint

resolvent. We introduce the L0 following [3].

Definition 11.1. We denote by L0[— 1, 4-1] the Banach space of pairs

[g(x), ft] where g(x)EL[— 1, 4-1 ] and g2 is a real number, and || [g(x), g2]\\

= \gi\ 4-||g|U.
Although the adjoint resolvent is a transformation from B.V. [—1, 4-1]

to itself, we shall not need the full adjoint for our purposes. As in the differ-

ential equations case our adjoint resolvent maps the Banach space B.V.

[ — 1, 4-1 ] into the space L0 [ — 1, -f-1 ] and we must, therefore, in order to use

the Hille-Yosida Theorem, consider the contraction of the adjoint to

Lo[ —1, 4-1 ]• In the case of two free boundaries we must take the space

L[— 1, 4-1 ] of triples [gi, g(x), g2] with the obvious norm.

Let [g(x), gi] be an arbitrary element of F0. Let FECo and/=F(X)-F,

and G = R*(X)g. We then have

(11.1) gif(l)+f    f(x)g(x)dx = GiF(l) + f    F(x)G(x)dx.

Now, substituting (9.5) into (11.1) we obtain
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(11.2) Gi = gi-qiX'1 + q2 I      £2(x)g(x)dx,

(11.3) Gis) = Qis) igiX-1 + f     Ux)g(x)dx\  + f     T(x, s)g(x)dx.

In this section we prove some preparatory lemmas.

Lemma 11.1. Let »(x)eB.V. [—1, 4-1] be monotonie with limx-._i+ ̂ (x) =Vi

and limx^+i- vix) =v2. Define

(11.4) v(x) = f     T(x, y)dv(y),

then vEL[ — l, +l] and

C+1  v(t)-dt
(11.5) x_1 essentiaHimit F f        - = 4>>S, / = 1, 2,

z-.(-i)' J _i      t — x

exists. Furthermore, v satisfies

/"» I r+l v(t)dt) •*
v(x)dx -  -{x-'F I      —-—}     = v(xt) - v(xi)

X! I J -1    t  —   X)   Xl

for each pair Xi, x2E [~l, +1 ]•

Proof. It is easy to show, using (2.9), that v(x) is a solution of

(30-/+i /»+iK(x, y)v(y)dy =   I       K(x, y)dv

A formal integration by parts in (11.7) gives

r+1      XV(y) + v(y)
(11.8) v(x) = (1 - x2)"2(x-i)F-7 dy

J _i   (1 - y2)ll2(y - x)

where V(x) =fxv(x)dx. To justify this, first note that the integrals in (11.7)

are finite for almost all x. For such a value of x, we can integrate by parts

over the region — 1 <x — e<y<x4-e<l. It is easily seen from (5.10) that

lim^o [K(x, x + e)—K(x, x —e)] = 0 for all x and that Iime^0 K(x, x+e)

■ [v(x+e)— v(x — e)] = 0 for almost all x.

It has been shown by Ahiezer [l, cf. Lemma 1.2] that

Tf
Ç+1 f(y)dy

J_!    (1 - y2y2iy - x)

is a transformation from the space F2[(l—x2)_1/2] of functions square

integrable on [—1, 4-1 ] with respect to the weight function (1—x2)-1'2

to the space F2[(l—x2)"2]. Since XV+v is an element of the former space, it
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follows that v2(l—x2yil2EL[—l, +1 ](4). We may now apply Lemma 2.1

to obtain

r+1 v(t)
(11.9) XV(x) + v(x) = - x-^F I      -dt + A a.e.

This proves the existence of the $y. Since limx^i (XV+v)=v2, we must put

A=ess lim^nr-W-ftliv-'fï/it-xïïdt+Vt. Clearly (11.6) follows from (11.9).

Corollary 11.1.  If v(x) is absolutely continuous in   [—1,   4-1], then

vED(ü*) and

(11.10) Xv - Q*v = »'.

Notational convention. Following the convention used in  [3] for the

differential equations case, we shall write (11.6) as

(11.11) Xv - tt*v^Av.

In case v is absolutely continuous we replace Av by v' or use (11.10), which is

equivalent to (11.11) for absolutely continuous v.

Lemma 11.2. In the notation of Lemma 11.1

/+1                                   f +1                      r     c+1 v(x)dx~\
v(x)Vi(x)dx + x-2 J      (1 - t2)-1'2   P I      -   di - $2¿¡

(11.12)
ç +1

=   I        r\i(x)dv(x).

Proof. Using Lemma 11.1, we have

•+1 /•+! x v(t)d(\

(11.13)

r+~ r+1       i- r+1 mat)
X j       V(x)r,i'(x)dx + ir~2 I       m'ix) <P I       -> dx

r+1
—   I       v(x)y¡i'(x)dx + v2 + $2

where F(x) =fxv(x)dx. An integration by parts gives the result.

Definition 11.2. We define

1       t~l+t
Liv = lim-I v(x)dx,

r+o  2(2e)1'2 J_!

(11.14)

L2v = lim-I      v(x)dx.
<^o 2(2t)1'2 Jl«

Lemma 11.3. i/ »GB.V.   [—1,  4-1] and v is defined as in (11.4), then

LiV = 0 for i=l, 2.

(4) It is also quite easy to verify this directly.
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Proof. Since from

(11.15)     f        f    T(x, y)dyj | dv(x) \^f        f    K(x, y)dy^ | dv(x) \,

it will be sufficient to show that the last integral is o(e112). Without loss of

generality, we may assume that v(x) is nondecreasing. We introduce the

following notations for this proof:

h= f      if    K(x, y)dy\ dv(x)

dv(x),

(11.16)
/»I if*1

t)

and

(11.17)      Ki(x, y) = log(l- x-y- (-1)'((1- x2)(l - y2))1'2),      i = 1, 2.

Note that \x — y\ >e throughout the region of integration in 7i. In this

region for e sufficiently small, using (5.10),

(11-18) K(x, y) = | Ki\ 4-| K,\ á 2 log í2/2

and so

(11.19) \h\ S [2e[loge2/2| ] var v.

We next estimate I2. Performing the inner integration we get

á  f      \ x -
J l-2ê

(11.20) |/í|^|        \ x - I + e\ K(x, I - e)dv(x) + o(e1l2).
J l-2ê

In the region of integration, for e small enough, F(x, e) ^4 log (| x— 14-e| /2),

from (11.20) and the definition of I2. Hence J2 = o(e1/2), and F2 = 0. Because

of the symmetry of T(x, y), the proof that Fi = 0 is the same.

Lemma 11.4. The general solution of

(11.21) X/-fi*/=0

in L[— I, +l] is given by f = A^*+B^* where A and B are constants and £*

is defined in Theorem 4.3.

Proof. That £f and £* are solutions of (11.21) follows from (1.5) and

Theorem 4.2. Suppose/is a third solution. By the duality principle stated in

§1, there exist constants a, b, and c such that fxf, /f^f, and fxcQ are solutions

of XF—ßF = 0. By Theorem 7, there exist constants A, B, and C such that

Cflf = Afl^*+Bfx¿*. Since £f and £* are independent, CVO, and the lemma is
proved.
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Corollary 11.2. No solution of (11.21) in L[— 1, +l] satisfies Lxf—L2f
= 0.

Proof. This follows from Lemma 11.4 and the fact that

(i=j),

(0 (if*j).

Lemma 11.5. If Jt\p%il-xs)~%lHx< », then

+1,.    .„, ,,„r„ r+1 <x)dx-

t

(11.22) L0=  |o

/+1                 r    r+1 v(x)a
(1 - ¿2)->'2   F —-

-i L   J -i   x —
d/ = 0.

Proof. It is not difficult to verify this by direct methods, but a more in-

structive  proof is  the  following.   Letting cb(x) =v(x)(l— x2)~112,  we  have

/í]02(x)(l-x2)1/2¿x< °o.    Using Lemma 1.2, we put (f>(x) = X)t"-i ak-Pk(x)

and   conclude   that   T(p= 2Z£=i   akQk+i(x).   Hence   (11.23)   is   equal   to

Z*"-i akft\ Qk+i(x)(l-x2)-"2dx = 0.
12. The adjoint resolvent and the forward equation.

Theorem 12.1. If <r>0, then (11.2) and (11.3) de/j«e the resolvent of a con-

traction semi-group with range dense in L0[ — 1, 4-1]- FAe resolvent can be

written

(12.1) [G(x), Gi] = (XJ - Ö*)-1 [g(x), gt]

where 0* is defined by

(12.2) XG - Ü*G - — A/> S g,

(12.3) XG2 + —G2+ $2G = g2,
(7

where <£2 ¿s defined in (11.5), restricted by the lateral condition

(12 A) o-LtG = yG2,       LiG = 0

with Li defined as in (11.14).

If o- = 0, ¿Ae« G2 = 0 and we restrict considerations to the contraction of the

adjoint resolvent to L [ — 1, 4-1 ]. This contraction has range dense in L [ — 1, -f-1 ]

and is the inverse ofXI — U*, where Q* is defined by

(12.5) XG - 0*G - — $i-Ap^g
Pt

restricted by the lateral condition

(12.6) LiG=- — $iG,       FiG = 0.
P2
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The next section will be devoted to the proof of this theorem. We wish to

remark that if r = 0 then (12.5) becomes XG-ß*G = 0 and (12.6) is the

analogue of the classical boundary conditions for the forward equation of

diffusion theory.

13. Proof of Theorem 12.1.

Lemma 13.1. The range of the transformation on L0[— 1, -f-l] defined by

(11.2) and (11.3) is independent of X and dense in L0[ — 1, +l] or L[— 1, -f-l]

according as a > 0 or a = 0.

Proof. For fixed X a function G is representable in the form (11.3) if and

only if it is of the form

(13.1) G = ^G4-FF

where A and B are constants and

(13.2) XG - Q*G = g,       XH - 0*77 S Ap

for some gEL[ — 1, +l] and some p of the form described in Definition 9.1.

The set defined by (13.1) and (13.2) is independent of X, since if (13.2) holds

for X=Xo, then

XG - Ü*G = g + (X - Xo)G,

XH - Q*H & Ap + (X - Xo)H

and so G is of the form (13.1).

The density of the range follows from the fact that Z>(ß*) is dense in

L[—l, +l] and that, given gEL[— 1, 4-l], we can determine gi so that

(11.2) is satisfied.

Lemma 13.2. The transformation from L0[— 1, 4-1] to itself, defined by

(11.2) and (11.3), is positivity preserving and

(13.4) X||[G,G2]|| <||k,ft]||.

Proof. The positivity is clear. To prove the norm condition we need con-

sider only the case gs^O. We have, using (7.8),

(13.5)

X||[G,G2]|| =  |g2 + xj     li2(x)g(x)dx\ iq2 + f    Q(s)ds\

+ f     g(s){l -X^(s) -XUs)}ds,

and since \\Q*\\ ^1 from Lemma 10.3, it follows that

(13.6)     X|| [G, G2]|| á gi + f    g(x)dx-xf    Ux)g(x)dx < \\ [g, g2]
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Proof of the theorem. (1) The case <r>0. Equation (12.2) is an obvious

consequence of Lemma 11.1 and Corollary 11.1.

To prove (12.3), let g(x) he the function defined in (11.10). By Corollary

11.1, we have

/+1 /» +1 n +1
g(x)m(x)dx -   I       g(x)r)i(x)dx =   I       r¡2(x)[ü*g(x)]dx.

On the other hand, from the definition of g and (7.7) we get

/+i /.+1g(x)r¡i(x)dx =   I       g(x)[t]2(x) — X^i(x)]dx,

and therefore

g(x)Ux)dx = - J      r,i(x)Q*g(x)dx = - $2g 4- Tig

where

/-t-1              r   z*-*"1 p(x)í7x"i(1 - /*)-!/*   F I      —-   á/.

In a similar way, using Lemmas 11.1 and 11.2, we have

ki(x)dp(x) - XyA  I      tf(x)r,2(x)dx = - 4>2Ç -f- TtQ.

Hence from (10.5)

(13.12) XtA j      it(x)dp(x) - XyAw + yA = - $2Q + T2Q.

From (13.9) and (13.12)

- $2G 4- TiG

(13.13)
=   |ft + xf     Ux)g(x)dx\ irA f     Ux)dp(x) - yAo> + l|

7 r                 -±-v^    i  *« + ?„
— ft 4-G2 = — gi + Xo2 4-02.

(7 <7

From (1.5) we have
(l/2/14-*\1/2_

vI^J   =1,
hence, by Lemma 11.5, T2G'■ = (yyV)G2. This substitution in (13.13) gives (12.3).
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That the lateral condition (12.4) holds follows from Lemma 11.3 and the

definition of G.

If the solution were not unique, we could find a solution of (11.21) which

satisfies

Lif = Ltf = 0,

but this contradicts Corollary 11.2.

(2) The case (7 = 0. In this case we may, for our purposes, consider the ad-

joint resolvent as a transformation from L[ — 1, 4-1] to itself since G2 = 0.

This contraction is given by

(13.14) Gix) = g(x) 4- Q(x) f     ti(s)g(s)ds.

By a calculation similar to that used in the first equation of (13.13) we have

(13.15) A f     Ux)g(x)dx = (TiG - $iG)(Pi + y)~\

Also by Lemmas 11.5 and 11.3 and (11.22)

(13.16) ■ FîG = 7-4 f     t2(x)g(x)dx = L.G.

Hence,

(13.17) (Pi + y)LiG =y(T£- $£).

By (13.15) and (13.16) this reduces to (12.6). Equation (12.5) now follows

from this result.

14. The two boundary case. In the previous sections we have assumed

for simplicity the boundary condition/( — l) =0 and have shown that the

semi-groups generated by ß and their adjoints have the same structure as

the semi-groups associated with the parabolic differential equations with

"regular boundaries," cf. [3]. It is only the analytic method of establishing

this structure which is different in our case. Once this analogy has been

proved, the method given in [3] for the transition from one free boundary

to two is applicable. A comparison of our resolvents and lateral conditions

to those given in [3, §19] shows that they have the same form with

lime,o (/(l) —fil — «)/«1/2 replacing limx_i eB(z)f(x) for the backward equation,

and lim^i (G'(x) — b(x)G(x)) replaced by ess. lim^i ir~lPft\G(x)dx/(x — t)

andlimx,ie_Bíl)G(x) bylime_o (2(2e)ll2)~ll2fl_tG(x)dx in the resolvents and the

lateral conditions of the forward equation. As was pointed out in the intro-

duction, this means that the analogue to the classical boundary conditions is

(0.9-10). In view of this, we shall only state the lateral conditions here and

refer the reader to [3] for the proofs and for the form of the resolvents. It is

necessary to introduce a matrix notation for the expression of the resolvents.
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The conditioning set 2 for the backward equation is the set of functions such

that

(1 - X! - pn)f(-l) - puf(l) = ri f     fx)dpi(x) - ai  lim  Qfix)
J -1 z->- 1

, ..        »     f(-l)-f(-l + e)
+ xi lim-■-■-—-,

.-o 21'2 e1'2

(14.1)

- p2if(~l) + (1-ti- pn)S(l) = r2 f     S(x)dpi(x) - en lim Qfix)
J -1 z-»l

x    /(l)-/(l-e)
— x2 hm-

«-*o 21'2 e1'2

where

Pa ^ 0,        x,- ̂  0,        o-i ̂  0,        u ^ 0,
(14.2)

Pil + Pi2 + *i .+ n á li i = 1, 2,

and p,(x) are nondecreasing, with

(14.3) lim   pjix) = 0, lim   pj(x) = 1-
X-.-1+ I-.+ 1-

We may replace the last term in each of the lateral conditions in (14.1) by the

equivalentlimi.o7re-1/:J+e/'(x)(l -x2y<2dxand lim„«»T«-l./i-«f (*)(! -¡e2)1/2¿x,

respectively. Conditions (14.2) are necessary for the positivity preservation.

As in the differential equations case the relatively complicated lateral

conditions for the backward equation all lead to the following simple condi-

tions for the forward equation

-l+e

Xl

(14.4)

x2-

Gix)dx,
-i

G2 = at hm (2(2e)1'2)-1 f    Gix)dx
e->0 J 1-,

where 0,^0. If ai = 0 we get the analogue of the classical boundary condition,

namely (0-9-10).
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