THE BOUNDARY VALUE PROBLEMS AND SEMI-GROUPS
ASSOCIATED WITH CERTAIN INTEGRO-
DIFFERENTIAL OPERATORS

BY
JOANNE ELLIOTT()

Introduction. The object of this paper is to study initial value problems
for the equations

1 +1 . 0d
0.1) wi(x, t) = —?f ME—(E et = Qu
™ —1 E'— X
and
1 d +1 , Hd
0.2) v(%, £) = — —I_’f M = Q*y,
T dx —1 E— X

where the integrals are taken in the sense of the extended principal value of
Definition 1.1. This problem, suggested by W. Feller, arises in the theory of
stochastic processes. However, it is interesting from a purely analytic point
of view, and this paper will be concerned only with that aspect. A prob-
abilistic interpretation of our result will be found in a forthcoming paper by
Feller. For a precise definition of the operators @ and Q* see §1.

The equation

u(§, dE
E—x
where the underlying space is C[— ®, + « ], has been considered as the
backward equation for the Cauchy process in [2]. The solutions are harmonic
functions in the upper half-plane. We may consider the solutions of (0.3)
as transformations on the initial values, that is for fEC[— ®, + = |, we de-
fine T:f=u(t, x), where u is the solution of (0.3) such that #(0, x) =f(x). These

transformations have the semi-group property Tyiwf=T.:T:1f. In view of
this, we might expect the semi-group given by

I G
(0.4) Tf = f_w Tl

where fEC[— », 4 ], to have —I~! as infinitesimal generator. This, how-

+o0
(0.3) u(x, t) = w“Pf — [,
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(Ew]ar, has been proved rigorously only for L,[— », +« ], p>1, by E. Hille
6].

Our equations represent the analogue of the Cauchy process on the finite
interval. In the terminology of diffusion theory, we may call (0.1) the “back-
ward equation” and (0.2) the “forward equation.” Oddly enough, the initial
value problems and semi-groups associated with our equations bear a strong
resemblance to those connected with the pair of parabolic differential equa-
tions

X
(0.5) ut=u”—1—_—_———x—2
and
0.6) v = i{vz(x, f) — — oz, t)} .
dx \ 1 — «?

This resemblance accounts for the unexpected similarity between the equa-
tions (0.1) and (0.2) and the diffusion equations for the case of regular
boundaries. It should be noted that while equations (0.1) and (0.2) are in a
sense adjoints to one another, (0.5) and (0.6) are not; in diffusion theory
the forward equation to (0.5) would be (0.6) with the first minus sign replaced
by a plus sign. We would expect our equations to behave like the heat
equation u;=u,, rather than like (0.5) and (0.6).

To solve the initial value problem for (0.1) and (0.2) we shall follow the
pattern used in [3] for the treatment of the parabolic partial differential equa-
tions. The integration problem is treated there as an abstract problem for
semi-groups. We shall start with (0.1), the backward equation, on the space
C[—1, +1]. A set ZCD(Q) is called a lateral condition or conditioning set if
the contraction Q/Z is the infinitesimal generator of a contraction semi-
group. We show that all the admissible lateral conditions for the backward equa-
tions of diffusion theory have analogues for (0.1). We shall not prove in this
paper that our lateral conditions are the only possible ones, that is, that we
have constructed all the contraction semi-groups “generated by Q” in the
terminology of [3]. However, this follows from a generalized version of the
proof for the parabolic differential equations which will appear in a forth-
coming paper by Feller.

Next, we shall investigate the semi-groups of transformations adjoint to
those generated by @, cf. §§11, 12, 13. In general, the infinitesimal generator
of the adjoint semi-group is given by a contraction of @* plus additional
terms. Only with special lateral conditions will Q* generate the adjoint
semi-group. A similar situation arises in the differential equations’ case.
The lateral conditions on (0.3) which give a differential operator as the gen-
erator of the adjoint contraction semi-group are called the analogues of the
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classical boundary conditions. For the singular differential equations (0.5) and
(0.6) they are

0.7) ¢g; lm u(, x) + (—17p; lim ; (1 — a2, x) =0

z—)(—l)’ z—(—1)

and

©0.8) ¢ lim (1 — 21t 2) + (—1)7 lim.<v,— i v)=0

z—(—=1y 7= (—1)f 1— a?

respectively, where p; =0, ¢;=0.
In our case, the analogues of (0.7) and (0.8) are

1

(0.9) g lim u(¢, x) + p2 lim we_lf us(t, x)(1 — x?)V2%dx
z—1 €0 1

—e

and

1 oot x)dx
(0.10) gs lim e—mf v(t, x)dx + pomr—'ess. lim P _
0 1—e z—1 —1 x— 1
with similar expressions for the left boundary, cf. Theorem 12.1 where the
case ¢ =7 =0 gives the analogue (0.10).

On the infinite interval, for each 0 <a =<2, there is a stochastic process,
namely the symmetric stable process of order @. The Cauchy process cor-
responds to =1, and the diffusion to a=2. A study of these semi-groups for
the analogous processes corresponding to 0 <a <1 and 1<a <2 on the finite
interval will be made in a subsequent paper. Kac [7] has studied the prob-
lem for general @, which corresponds to the “absorbing barrier” case of the
diffusion equation. Kac’s point of departure is the theory of summation of
independent random variables(?).

This connection of the stable distributions with diffusion theory has
been discovered by Bochner (cf. [2]). Feller [2] has treated this connection
from the point of view of Riesz potentials.

The Hille-Yosida theorem [see §1], which gives the necessary and suffi-
cient conditions that an operator on a Banach space X be the infinitesimal
generator of a contraction semi-group [cf. Definition 1.3] with range dense
in X, leads us to a study of the resolvent equation Au — Qu =#%. We shall show
that this equation is equivalent to

+1 +1
(0.11) u(x) + N K(x, y)u(y)dy = K(x, y)h(y)dy,

where K(x, y) is defined in (2.6). The homogeneous equation corresponding

() In [7] Kac outlines the theory for general a. The detailed theory for =1 has been
developed by Kac and Pollard [8].
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to (0.11) appears in [8], but has been used there only for L,. We shall treat
(0.11) in €[—1, 41] and give proofs for the existence of positive, continuous,
norm-decreasing solutions. If an arbitrary, positive, continuous function is
put on the right of (0.11), the solutions # are not necessarily positive. How-
ever, we can show that if 220 in (0.11), then so is ». §§1-7 are concerned
with the solutions of the resolvent equation.

The author wishes to thank William Feller for many helpful discussions
and suggestions.

1. The operators  and Q*.

DEeFINITION 1.1. Let g(t) be a function such that

+1og(n)de
(1.1) essential limit P
z-t1 1 t—x

= [y

exists. For such g we define the extended principal value,

(1.2) Pf*‘ g(t)dt’

1 x—t

to mean the ordinary Cauchy principal values, cf. [5], for |x| <1 and 14, for
x==+1.

The reason for this definition may be illustrated by taking g(x)
=(1—x2)~Y2 The extended principal value is =0 on [—1, +1] but the
Cauchy principal value does not exist at +1.

DEFINITION 1.2. The operator @ from C[—1, +1] to itself is defined by

+1 f'(8)dt

a1 t—x

1.3) Qf(x) = =P

with domain D(R), the set of all absolutely continuous functions for which the
right side is in C[—1, +1].
The operator Q* from L[—1, +1] to itself is defined by

d _f‘“f(t)dt

(1.4) W) =at - P |

)

provided the right side is in L[—1, +1].

LEMMA 1.1. The domains of Q@ and Q* are dense in C[—1, +1] and
L[—1, +1], respectively.

Proof. To prove this we use the formula

a5 f=—pf[ T gt
. n = = x" ax™™ Qg
x J (- 21— o) :
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where

a, =0, % even,
1 +1 ¢nlgy 1-3-5---n—2

(1.6) o, = — = ’
rJ_, (1 —2)H12 24.6---n—1

a1=1.

»n odd,

This formula is proved using the fact that fo=0, cf. [4, last chapter], and the
simple recursion relation

(1.7 fu = tfucs + .

From (1.5) we see that D() contains all functions of the form f(x)
=pn(x)(1—x2) Y2+ A4 -arc sin x+ B, where 4 and B are constants and p,(x)
is a polynomial of degree #. This set is clearly dense in C[—1, +1]. Similarly,
D(Q*) contains all functions of the form p,(x) (1 —x?%)~V/2,

If g€L[—1, +1], then P-[tlg(t)dt/(t—x) exists for almost all x
€[—1, +1], cf. [10, chap. V]. Another useful relation which we shall em-
ploy is contained in the following lemma.

LemMA 1.2, The transformation

(1.8) i) = %Pfﬂf(x)(l _ )ids

-1 x—t

is a continuous transformation from the space H[(1—x%)V2] of f such that

(1 —xt)V2dx < o to the space H[(1—x2)~V2]. Furthermore, T Pp=Qnn
where {P.} and {Q.} denote the Jacobi polynomials which are orthonormal
with respect to (1 —x2)V2 and (1 —x2%)~Y?2, respectively.

Proof. That TP, =, is proved by Ahiezer in [1]. The continuity fol-
lows easily from the fact that if fEH[(1—x?)V2], then f(1—x?)V2
E€L,[—1, +1]. The transformation is continuous in L, (cf. [10, chap. V].
If we put f= Y i axPi(x) it is clear that T( D_¢., axPi(x)) converges in the
norm of H, and from the L, continuity it follows that it must converge to 7.

DEeFINITION 1.3. Let X be a Banach space in which positive elements are de-
fined. A semi-group of linear transformations from X to itself is called a contrac-
tion semi-group if

1.9 [Tl = {4,

(1.10) | Tenz — Teal| — 0 ash | 0,t=0,
and if

(1.11) x20 implies T.wx = 0.

TueOREM 1.1. (THE HILLE-Yo0sIDA THEOREM.) The infinitesimal generator
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A of a contraction semi-group on X with range dense in X is a linear operator
with domain dense in X. Furthermore, to each xEX and each \ >0, there exists
a unique )WED(A) such that

(1.12) NIl = [lal,
(1.13) A — Ay = x,
and

(1.14) w20 when x=0.

Conversely, a linear operator with these properties is the infinitesimal gen-
erator of a contraction semi-group with range dense in X.

In our case Q itself is not an infinitesimal generator since Az — Qu =0 has
solutions, cf. §7. However,  may be the extension of an infinitesimal gener-
ator. The problem of finding the most general lateral condition is to de-
termine all sets £ (independent of A) such that Ayy»— Qy\=x has a unique
solution for x& C[—1, +1], satisfying (1.1) and (1.14). Then the contraction
Q/Z is the infinitesimal generator of a contraction semi-group.

In case the closure Z is a proper subspace of C[—1, +1], we must take
¥ =X in the Hille-Yosida Theorem in order that the conclusion of that theo-
rem hold. The restriction that the range of the semi-group be dense in X is
equivalent to the statement that || T —x||—0 as t—0 for all xEX, cf. [3].
Hence all our solutions converge in norm to the initial values. This does not
mean that the semi-group admits no extension from Z to the whole space but
the extensions will converge only pointwise to the initial value.

It might be pointed out that a certain duality exists between the solu-
tions of Au— Qu=0 in C[—1, +1] and those of \o—Q*v=0in L[—1, +1].
If v is a solution of the latter, then there exists an a such that «= [Ju(t)-dt
is a solution of the former, and conversely, if « is a solution of Au— Qu=0,
then u is absolutely continuous (cf. Theorem 2.1) and #’ is a solution of
Ao — Q¥ =0.

2. Formal reduction to an integral equation. In order to apply the Hille-
Yosida theorem we must make a study of the equation

L+ fO)
(2.1) NM(x) — —P —dt = h(x)
™

—1 {— x
where k(x) is given in C[—1, +1]. In this section we reduce (2.1) to an inte-
gral equation in a purely formal way. The proof will be carried out in §3.

The following lemma, due to H. Sthngen [9], makes this reduction
possible.

LeEMMA 2.1. If g(x) and g*(x)(1—x2?)V2 are integrable in [—1, +1], then
the only solutions of
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C 1 + f(Hdt
(2.2) : g(x) =——Pf &) ’ —1<z<+1,
™ -1 t— x
such that f(x) and f2(x)(1—x?)V? are integrable in [—1, +1] are given by
A 1 + (1) (1 — )12
2.3 = - P —_—dt .e.
(2.3)  f(») A—ir  sa—mntl, pp— a.e

where A is an arbitrary constant.

Applying this inversion formula to (2.1) we obtain

, A
1@ ==
(2.4)
1 ﬁf“ G) — b)) —ype
m(1 — x?)1/2 -1 y—x 4 -
Then, integrating (2.4) formally, we get
+1 +1
(2.5) f(=) +2 K(x, v)f(y)dy = K(x, y)k(y)dy + A arc sin x + B
-1 -1
where
_1 1—ay+ (1 — 2?1 — y2))1*
(2.6) K(x, y) = o log {1 =y — (1= )1 = yz))uz}

It will be seen in §§4 and 6 that we can write the solution to (2.5) in terms
of a solving kernel I'(x, ¥; N\). This gives
+1

2.7 f(x) = H(x) — ) T(x, y; N)-H(y)dy + A¢1(x) + Boa(x)

-1

where
+1
H(x) = K(x, y)h(y)dy,
-1
+1
(2.8) ¢1(x) = arc sin x — )\f T'(x, v; \) arc sin ydy,
-1
1 N
$2(%) = — — — L(x, y; Ndy
2 2J

with arc sin +1= +x/2. It will be shown in §7 that ¢,(x) and ¢2(x) are solu-
tions of the homogeneous equation, i.e. the equation (2.1) with k(x)=0.
In view of the fact that the resolvent kernel satisfies .
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+1
(2'9) I‘(x’ ',V) +2A K(x’ p)r(p, y)dp = K(xr y))
we may rewrite (2.7) as

+1
(2.10) 1@ = [ 1w h0)dy + Ai(a) + B,

We have omitted the X in I'(x, y; M) for simplicity.
The precise statement of this equivalence is contained in the next theorem.

THEOREM 2.1. If hREC[—1, +1], then every absolutely continuous solution
of (2.1) is also a solution of (2.5) for some A and B. Conversely, every continu-
ous solution of (2.5) is an absolutely continuous solution of (2.1).

The proof of Theorem 2.1 is given in the next section.
3. Proof of Theorem 2.1.

LeEmMA 3.1. If f.(x) is a sequence of measurable functions such that f.(x)
—f(x) as n— o for almost all xS [—1, +1], and

+1
(3.1 fl | fu(2) |7dx < M
for some p>1, and if g(x) EL, [—1, +1] where 1/p+1/p" =1, then
+1 +1
(3.2) ,}1_1,2 . fa(2)g(%)dx = . f(x)g(x)dx.

Proof. The proof is given in [10, chap. V].
LeEMMA 3.2. If gEC[—1, +1], then
z 1 1 +1 1 — 21244}
(3.3) _____{P _f g1 — 5 y}dt=
1 (1= e 7J y—t
where K (x, v) is the function defined in (2.6).

+1
K(x, y)g(y)dy,
1

Proof. Since we do not assume that g(x) is differentiable, the condition
given by Hardy in [5b] for the interchange of the order of integration does
not apply. However, formula (3.3) may be verified as follows. We write

1 Pf“ g(y)(1 — y°)dy

™ -1 y—x

3.9 1 pHig(n(1 = )Yy — x)dy
= lim — a.e.
o mJ g (y— 2248

Equation (3.4) holds almost everywhere on [—1, +1], cf. [10, chap. V].
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It is well known from the theory of conjugate functions in L,, cf. [10,
chap. V], that for any p>1,

f’ if“ g — )%y — Day
1l md (y—0+¢

P
dt

(3.5) .
sM. | e — )2 dy

-1

where M, is a constant depending only on p. We choose p>2. Then since
(1—x?)-12€L,[—1, +1], we may apply Lemma 3.1 to conclude that

f’ 1 {? ij‘“ gy — y*)”zdy} i
a @@=l xJ, y— ¢

lim [ ;{1 f“ gy (1 — ¥y — t)dy} i
o Jo (L= e Jy (y— 02+ 8

™
+1

2)1/2 _1_ : 1 y_t
. gy (1 — y9 {Wf_l o t)2+£2dt}dy
f+l (1 — 2)1/2{? if:: 1 dt }d
-lgy)( y | AT — y

+1
- [ sk ay.

-1

(3.6)

lim
£-0

Proof of Theorem 2.1. Suppose first that f(x) is an absolutely continuous
solution of (2.1). Lemma 2.1 leads us to (2.4), and (2.5) follows from Lemma
3.2 and the assumption of absolute continuity; the steps are reversible.

4. The integral equation. The kernel K(x, y) is symmetric, non-negative,
and K(*1, y)=K(x, +1)=0 for x, y&(—1, 1). In this section we state
theorems about the equation

+1 +1

(4.1) f(x) + 2 fK(x, y)dy = h(y)K(x, y)dy.

-1 -1
They will be proved in the next section. The step from (4.1) to the more gen-
eral (2.5) will prove easy, cf. §8. In the terminology which is usual in dif-
fusion theory, we say that the solution f(x) of (4.1) is the absorbing barrier
solution of (2.1), that is, f(x) is the solution for which lim,.4; f(x) =0.

THEOREM 4.1. For each h(x) EC[—1, +1] and each \> 0, the equation (4.1)
has a unique solution f(x) EC[—1, +1] and f(1) =f(—1) =0. If k(x) =0, then
f(x)=0.

THEOREM 4.2. The solution described in Theorem 4.1 can be writien in the
form



1954} BOUNDARY VALUE PROBLEMS AND SEMI-GROUPS 309

+1
4.2) ﬂ@=f T(x, y; NA(y)dy

—1
where T'(x, y; \) has the following properties:
4.3) (a) T'(=, y;\) is symmetric and continuous in y for fixed x except when x=1y.
(b) T'(x, y; M) =0. (c) Formula (2.9) holds.
Furthermore
(4.4) NI = [Ia-
DEFINITION 4.1. We define

f_lg{wﬂn—fu—a}

2172 ell2

(4.5)

L =149 ==
bf = 21/2{1210 €ll2 } .

THEOREM 4.3. If h€C[—1, +1] and f(x) is the solution described in
Theorem 4.1, then 0;f exists and is given by

+1
(4.6) 8;f = (1) h(x)E}(x)dx, i=12
-1
where
. 1 — x\ D2 +1 1 — y\ e
4.7 Fx) = - I'(=, dy.
@n &= () (i) b

5. Preparatory lemmas. The lemmas of this section will be used to prove
the theorems of §4.

LemMA 5.1. If K(x, y) s defined as in (2.6), then

b
5.0 [ K@ 9y = 6 - DK@ 5 + = - 0K 0

7 1(1 — x?)/?(arcsin b — arcsin a).

Proof. Integrate by parts.
The following lemma will not be used until later sections, but for con-
venience we prove it here.

LeMMA 5.2. For each €>0 we can choose an 71>0, independent of x, so that

(5.2) f K(x, y)dy < ¢
R'I
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for lxl =1, where R, is the region defined by I‘x—yl <7 and ly] =1.
Proof. From Lemma 5.1 we have for —149<x<1—19,
f K(%, y)dy = nK(x, x + 1) + nK(x, x — n)
R'l

+ 711 — x2)1/2[arcsin (x + n) — arcsin (x — 7)],

(5.3

while for 1 —p<x<1,

fR K(% y)dy = nK(z, ¥ — 1)

+ 711 — x?)'2[arcsin (x + ) — arcsin (x — 9)].

(5.4)

A similar formula holds for —1 <x < —1-49. Clearly, it is sufficient to show
that given 8 >0, we can find >0 so that 9K (x, x +7) <8 for allx&[—1, +1].
We write the kernel in the form,
{((1 — D (L= )Y+ (2= )
(= = A= )+ (a9

1
(5.5) K(x,y) =—log
27

Since 7?<((1—x2)V2 + (1—9y?)V2)2492<4+n? for x and y in [—1, +1], the
lemma is proved.
LEMMA 5.3. If f(x) is bounded on [—1, +1] and
u(x) = 0, | x| > 1,
(5.6) +
-1

then there exists a 8>0, independent of x, such that for lhl <9, and all 0 <«
<1/2,

5.7 | u(x + k) — u(x)| < M| k|e, — o <z < o,
where M, is a constant depending only on o.
Proof. Assume %>0. Then for |x+h| <1,

+1
A ta+ 0 = w) | < [ K+ b5) = KG9 |2

z z+h
< f K(z y) — K(x + h y)dy + f K(% 3) + K(x + h, y)dy
—1 z

(5.8) ;
+f K(z + b y) — K(=, y)dy.
z+h
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The first and second integrals are given by

(5.9) WK (z + h, %) + %(arcsin x — -}) [R(%) — R(x + k)]

and

(5.10) 2hK (%, x + k) +% [arcsin (x + %) — arcsin x][R(x) + R(x + k)]

respectively, where R(x)=(1—x2)V2 The third integral is similar to the
first. From (5.5) we see that A'™2K(x, x+%&)<e for k sufficiently small.
Furthermore, '

z+h
(5.11) arcsin (x + k) — arcsin = f (1 — )~12g <||(1 — 2218 hr-1ie

z

for all 1 <p<2. A similar estimate holds for R(x) —R(x+k). For |x+h| >1,
lxl =<1, we have |u(x+h)—-u(x)l = lu(x)] §”f||(l-—x2)l/2. This completes
the proof of the lemma.

LEMMA 5.4. If g(x) satisfies (5.7) for some 0<a<1/2 on [—1, 1], then

(5.12) oz = p [ ERLZ AT
-1 y—2x

satisfies (5.7) for all xE[— o, + o ].

Proof. The function defined by g(x)(1—x2)V2 on [—1, +1] and zero
elsewhere satisfies (5.7) for all x&[— ®, 4+« ]. The lemma then follows:
from a well known result proved in [10, p. 145]. :

LEMMA 5.5. If f(x) satisfies (5.7) for some 0<a<1/2, then u(x) defined in
(5.6) has a continuous dertvative in (—1, +1).

Proof. We have by (3.3)

. di . +1 )(1 — A2)1/2
(5.13) (%) =f_1 = t2)1/2Pf_1 Iy - ty) dy,

so that #’(x) is equal to the integrand, which is continuous in (—1, +1) by
Lemma 5.4.

LEMMA 5.6. If h(x) satisfies (5.7) and f(x) EC[—1, +1] satisfies (4.1), then
1)

a1 t—x

(5.14) F(x) =P dat

is absolutely continuous in [— o, +x].
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Proof. We first note that f(x) satisfies (5.7) by Lemma 5.3. Furthermore
by Theorem 2.1, equation (2.4), and Lemma 5.4, it follows that f(x) has a
continuous derivative in (—1, 4+1). We next show that

(5.15) F(x)= —-— -Hf/(t) lOg |t—x|dt, —1<x<1.
First,

N = _
(5.16) f f_ L= m+ . @) log |t — x| dt

+ [f(x + ¢ — f(x — €] log e

Since f satisfies (5.7), we obtain (5.15) upon letting e—0. Moreover, we can
show that

(5.17) F'(x) = P»f+l A0 - dt, —1<x<1,

1 t—x

which is continuous in (—1, 41) since f satisfies (2.1). To prove (5.17), note
that for —1<x<1,
+1 z+h du
- f f'(tdtP f —_
-1 z u —

zt+h — ¢
[ rofm [T

Since f/(£)(1—#2)V/2 is continuous, it follows that f’(f) €L,[—1, +1] for all
1<p<2. Hence by Lemma 3.1 and the argument used in the proof of Lemma

F(x + k) — F(x)
(5.18)

3.2,
+1 z+h — ¢
. ol f’(t)(u - t)

z+h +1 't
=f duP f() d

a t—u

Since the integrand is continuous at x, we have (5.17).

We have now shown that F(x) has a continuous derivative in (—1, +1).
It is clear that F’(x) is continuous for |x| >1. Furthermore lim,.,— F'(x)
=lim,.;— 2(x) < « by (2.1) and Theorem 2.1 and lim,.;+ (x2—1)72F'(x) <
by (5.17). A similar statement holds at —1. From Lemma 5.3 the function
defined by f(x) on [—1, +1] and 0 elsewhere satisfies (5.7) on [— ®, + o ].
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Hence from the result quoted before in [10, p. 145], it follows that F(x) satis-
fies (5.7) on [— », + » ], and, in particular, at +1. Combining the results of
this paragraph, we conclude that F(x) is absolutely continuous in

[—'°°r +°°]

LEMMA 5.7. If f(x) 20 (f#0) satisfies (5.7) for x€[—1, +1] and f(x)=0
in [a, b] where —1<a<b<1, then u(x) defined by (5.6) has no relative maxi-
mum in [a, b).

Proof. For x& (a, b),
w'(x)(1 — x?) — u'(x)-2-(1 — x?)~1/2
(5.20) B ‘f(y)(l — y)ue
—f_,+f Earwerat SR

If 4/ (x) =0 for some x&(a, b), then (5.20) implies that #’/(x) >0. Hence there
is no maximum in (e, b). Now suppose that #’(b) =0. Then

W' — el — (b — 212
*f(y)(1 — y)i2 Ly (1 — y2)t2
= 7 4 = d
(5.21) >f_1 (y — b)? y+fb (y — a)?

(b —¢
== on
which is >0 for e sufficiently small since lim.q %'(6—¢)=0 by Lemma 5.5.

Therefore, there is no maximum at x=5. A similar argument excludes the
possibility of a maximum at x=a.

Lemma 5.8. If ¢(x) EC[—1, +1] and

+ u'(b — ¢

' +1
(5.22) o(x) + N K(z, y)¢(y)dy = 4

-1
for some N\=0, A 20, then ¢(x) =0 on [—1, +1].

Proof. From Lemmas 5.3 and 5.5, it follows that ¢(x) has a continuous
derivative in (—1, 41). We split ¢ into its positive and negative parts, i.e.
set ¢ =@t —¢~ and assume that ¢—#0. Put

+1
P(x) = K(x, y)¢+(y)dy,

(5.23) -

+1
N(x) = K(x, y)é¢=(y)dy.

-1

Since ¢~ also satisfies (5.7), it follows that N(x) has a continuous derivative
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in (—1, +1). The maximum of N(x) is assumed at a point ¢ in (—1, +1).
By Lemma 5.7, the point ¢ cannot belong to an interval in which ¢—=0.
Hence, there is an interval (a, b) such that

—1<ae<c<b<,

(5.24) ¢ (x) >0 for x in (g, b),
¢~(a) = ¢7(0) =0,
¢t(x) =0 for x in [a, b].
We also have
+1
A= A ) d
(5.25) é(c) + . K(c, y)o(y)dy

= — ¢~(c) + NP(c) — AN(c) < AP(c) — AN(¢).

By Lemma 5.7, the function P(x) can have no maximum in (e, ). Hence,
the largest value of P(x) in [a, b] is assumed at x=a or x =0, say x=>5. Then

AP(c) — AN(c) = NP(b) — AN(c) = \P(b) — AN(b)

(5.26) +1
= ¢(b) + A K(b, y)¢(y)dy = 4,
-1
which is impossible in view of (5.25).

6. Proof of Theorems 4.1, 4.2, and 4.3.

(a) Proof of Theorem 4.1. By Lemma 5.8, there can be no negative eigen-
values associated with the kernel K(x, y). The first iterated kernel K®(x, y)
is continuous, and if ¢,(x) is the eigenfunction corresponding to —\,, we can
write the solution to (4.1) as

+1 e hg(x)
(6.1) f@) = | K y)kydy = >  — MM

with &, = [T1h(x)¢,(x)dx. The series in (6.1) converges uniformly. By Lemma
5.3, if hEC[—1, +1] then fEC[—1, +1]. Furthermore, |f(x)| <|]Ne—f]]
-(1—x2)¥2, so that lim,.4; f(x) =0.

We must prove that =0 implies f=0(3). For each >0, we define an
operator 4, on the space L,[—1, +1] for some 1<p <2 by
+1 ¢

1) dt—f(x)=H,f—-if—-
o (= x4 12 T T

The operator A, is bounded on L,[—1, +1] and is the infinitesimal generator
of the semi-group

(6.2) A.f =

(3 The proof for the positivity of (\] — Q)™ along these lines was suggested by W. Feller.
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n
T

(6.3) Tf =etlr2,

=0 0! .
Let hEC[—1, +1] satisfy (5.7) and define f €C[—1, +1] and f, by
(6.4) N, —Afe=h,  N-—-Q =h
where Q is defined in (1.3). Next note that
(6.5) Nfr =) = A(fr = ) = (4, — Df.

From 3.3 and Lemma 5.4, we see that f'(x)(1—x?)Y2&C[—1, +1] and hence
f'/EL,[—1, +1]. By definition it follows that Qf&€C[—1, +1]. These
two conditions plus Lemma 5.6 imply lLi.m.,.o (4,— Q)f=0 by a theorem of
Hille [6]. We may write

(6.6) (fr = f) = A\ — 4.)"%4, — Q)f.
By the Hille-Yosida Theorem
6.7 £ = All> = ¥4 — D5,

which proves that f,—f in L,[—1, +1]. Since the % satisfying (5.7) are dense
inL,[—1, +1] and | AI—4.,)~1| <\, it follows that for all LEC[—1, +1],
(6.8) Lim. A\ — 4,)"%h = A\ — Q)7L
70

Since H, is a positivity preserving transformation, so is A/ —A4,)~% From
(6.8), we conclude (A\] — ©2)~1is positivity preserving. This completes the proof
of Theorem 4.1.

(b) Proof of Theorem 4.2. The solving kernel corresponding to K(x, )
is given by

= H(X)Py

LA #@e0)

(69) P(xr ¥ A\ = K(xv y) o - MA

where ¢,(x) is the eigenfunction corresponding to —\,. The only part of this
theorem which is not immediate is (4.4). To prove this consider ¢(x) defined
by (5.22) with A =1. We can write ¢ as

(6.10) o(x) =1 -2 " T(x, y; Ndy.

-1

From Lemma 5.8, we have 0=<¢(x)<1. Then since I'(x, y; \)20 from
Theorem 4.1,

+1
6.11) M@ | <\l [ 1 3 0dy = 1.

These two theorems show that Q operating on the Banach space X of func-
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tions which are continuous on [—1, +1)] and which vanish at +1 is the infini-
tesimal generator of a contraction semi-group, since the conditions of Theorem 1.1
are satisfied.

(c) Proof of Theorem 4.3. From (4.1)

1—c¢ +1 K(1 — ¢ y)d
ﬂw)=f Mm—vm%ijﬁﬁl-

(6.12)

-1

Using Lemma 5.2 and (2.6) it is easily shown that
1 — +1 14 y\1/2
6.1 tim® e)=—2‘”f Ww—mmc_%dy

0 €2 o 1—y

Upon substituting (4.2) for f and changing the order of integration, we get
(4.5). The result for d;f is proved the same way.

7. The equation \F —QF =0. Before we study the resolvent in the general
case we must have some information about the solutions of

(7.1) M(z) — Lp (i wd_,

™ _1t—x

THEOREM 7.1. For each \>0, equation (7.1) has two absolutely continuous
independent solutions:

£1(x) = N ga(x) — 7791(2) ],
£2(x) = Nga(x) + 771(2) ]

where ¢1 and ¢, are defined in (2.8). Every other solution in C[—1, +1] is a
linear combination of & and &,.

(7.2)

Proof. That ¢, and ¢, are solutions of (7.1) follows from Theorems 4.1 and
4.2 and the fact that from (1.5)

— 1
(7.3) Pf_l g

Thus & and & are obviously solutions. Suppose £; is a third solution. Then
the function f defined by

(7.9 J(@) = N-Es(+1)-£2(2) + Ms(—1) - £1(x) — &s(x)

is a solution of (7.1) which vanishes at x= +1. Hence by Theorems 2.1 and
4.2, f(x)=0.

THEOREM 7.2. The functions & and & defined by (7.2) are non-negative and
(7.5) &l = 2, i=1,2.
- Proof. Let
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(7.6) m(x) = — v Llarcsin x + 1/2, n2(x) = 7! arc sin x + 1/2

where arc sin +1= +7/2. Then

+1
7.7 6@ =~ [ T Dy + (),

-1
Since 7,20, it follows from Theorem 4.1 that £,=0. Upon adding the two
equations in (7.7) and noting that n:+7.=1 we obtain

+1
(7.8) = (@) — 8@ = [ Ty 20
-1
which proves (7.5).
8. The resolvent for one absorbing boundary. The general solution in
C[—1, +1] of (2.1) for A>0 can be written as

+1
(8.1) 1@ = [0 i NhG)y + Abs) + Bea)

-1
by the theorems of §§4 and 7. The &; are defined in (7.2). We desire that f
be a bounded linear transformation of %#. Hence A and B must be linear
functionals on %, which we will denote by Qf(k) and Q3 (k), respectively.
The resolvent then has the form

+1
(8.2) f(x) = f T(x, y; N h(y)dy + QF(W)E(x) + Qs (h)E(%).
-1

The most general lateral condition will, of course, involve both boundaries.
In order to simplify notation we shall assume, until §14, the left boundary condi-
tion f(—1) =0. When the result is obtained for this case, the passage to two
free boundaries is exactly the same as for the parabolic partial differential
equations. Since the Hille- Yosida theorem requires that the domain of the infini-
testmal generator be dense in the underlying Banach space, we take as the space
X of Theorem 1.1, the space Co[—1, +1] of the following definition. This does
not mean that the semi-group cannot be extended to C[—1, +1]; it means
that the solutions of (0.1) will converge uniformly to the initial distributions
only within the subspace C,.

DEFINITION 8.1. We define Co[ —1, 41] to be the space of all functions which
are continuous on [—1, +1] and which vanish at —1.

In this space the resolvent transformation is given by

+1
(8.3) f(x) = f T(z, y: N(y)dy + Q*(h)ex(x)

where Q*(%) is a linear functional.
We shall now extend the results of §4.
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THEOREM 8.1. The transformation (8.3) is positivity preserving and \||f]|
<||&|| i and only if Q* is a positive functional with ||Q*|| =1.

Proof. First suppose that (8.3) is positivity preserving and M||f|| <.
If =0, then letting x—1 in (8.3) we get Q*(k) =0 since A>0. Also Q*(k)
=\-f(1) <||]].

Now suppose that Q* =0 and HQ*H =1. Since &(x) =0 by Theorem 7.2,
the transformation (8.3) is positivity preserving. Also, by (7.8)

(8.9 MAL = 12l Désay (0¥ — 1) — Ma(w) + 1].

Since ||Q*||<1 and by (7.8) also 0=<\—!1—§&—£=<\"!, the quantity in
brackets is <1. This completes the proof.

LeEmMA 8.1. If hECo[—1, +1] and f(x) is of the form (8.3), then

"2V lim e fl i ) — )
(8.5) "
=5 = = [ o))y + 0ot

-1
with £ defined in (4.7).

Proof. The existence of d;f and the equation on the right of (8.5) are di-
rect consequences of Theorem 4.3 and the definition of & in (7.7). To show
that the left equation holds in general, we write

u(e) = e f FE1 — 2z
M) —fi-9 1 et ) =)

€l/2 2ed 1— (1 — x)l/2

(8.6) .
dx = Y'(e) — z—etﬁ(e)-

If 6f exists, it is clear that 7w2Y2 lim..o u(e) =0d;f. Conversely, if lim..o u(e)
exists, we solve the differential equation in (8.6) to get e~/%)(e) = [ou(x)x—2dx,
since we know that lim.., e V%) (e) =0. Hence lim.., e W(e) exists, which
implies the existence of 8,f.

9. The lateral condition for one free boundary.

DEFINITION 9.1. For given constants 7=0, 0 =0, and p: =0 such that

9.1) < Py

and a given nondecreasing function p(x) such that

9.2) lim p(x) =0, lim p(x) =1,
T——1+ T4 17

we define T as the set of all fECo[—1, +1] for which
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+1
9.3) paf() = 7|  fl®)dp(x) — o lim Qf () — vouf

where 6,f is defined in (4.5).

THEOREM 9.1. The operator Q of (1.3), restricted by the lateral condition
(9.3), is the infinitesimal generator of a contraction semi-group with range dense
in Co[—1, +1] or in the linear manifold defined by

+1
(9.4 paf(1) = 7 . f(x)dp(x)

according as o4y >0 or o+ =0. Iis resolvent is given by the linear transforma-
tion

+1 +1
(9.5) f(x) = f 1 T(x, y; N h(y)dy + £(x) [qz~h(1) + h(y)'Q(y)'dy]
with
(9.6) g2 =04,
+1
9.7 Q0(y) = 74 T(x, y; Ndp(x) + vAE#(y),

-1
where &5 is defined in (4.7) and

9.8) 4 = A

+1
p2— M | E(x)dp(x) + (¢ + vo)X
-1

with w = 0:£, as defined in (4.5).

The next section will be devoted to the proof of this theorem.
10. Proof of Theorem 9.1.

LemMA 10.1. Given
f € D(Q) = domain Q,
define h by (2.1). Condition (9.3) is equivalent to
+1
(10.1) 50 =3[ ashct) + [ onsras]
-1

where q: and Q(s) are defined in (9.6) and (9.7).

Proof. Suppose first that f&Z. Then clearly, since by Theorem 7.1 the
only solution of (7.1) in Co[—1, +1] is £(x), we can write
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+1
(10.2) f(2) = f I(z, y)h(y)dy + Mex(2)f(D).

-1

If f€Z, then from (10.2), (9.3), and Lemma 8.1

o == [ [ v Doy ance

-1 -1

+1
(10.3) + M) £o(x)dp(x) — o lim [Nf(x) — h(x)]

-1 -1

+1
+ 7 £ (2) h(x)dx — N(1)ye.

—1

A rearrangement of the terms in (10.3) gives (10.1). The steps can be reversed
to show that (10.1) implies (9.3).

LeEMMA 10.2. A function f&D(R) is representable in the form (9.5) if and
only if fEZ.

Proof. Again define % as in (2.1). We can express f in the form (10.2) by
the argument used in Lemma 10.1. Hence, a necessary and sufficient condi-
tion that f be in the range of (9.5) is that (10.1) be satisfied. By Lemma 10.1
this is equivalent to (9.3).

LEMMA 10.3. The functional Q*(h)=qh(1)+ [21Q(s)h(s)ds where g, and
Q(s) are defined in (9.6) and (9.7) is a positive functional of norm less than one.

Proof. We have

+1
ol =g+ [ ows

-4 [o‘ 47 f :l{ f :l I(z, y)dy} ap(x) + v _:1 22*(x)d5c].

(10.4)

It is easily seen from (7.7) and Theorem 4.3 that

+1
(10.5) w = £ (x) -ma(2)da + X1

-1
where w is given in (9.8). Hence the right-hand side of (10.4) is equal to
+1 +1
Motv)+r=xe [ eerendp—v [ 1o [ er-mas]

-1 -1

(10.6)
Mo + yw) + po — 72 £2dp(x)
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But
+1 "
- * _ 1 .
(10.7) 1= B £ (x)[1 — ny(x)]dx =1 — . EX(x)m(x)dx
= — HENZ0,

since £,20 and £(1) =0. From (9.1) and (10.7) we conclude that |[Q*|| 1.
The next three lemmas are used only for the statement concerning the
density of Z.

LeEMMA 10.4. Given >0, there is a w(x) €D (Q) such that ||w|| <e and
(10.8) loaw| <¢ 1= lim Qu().

z—1
Proof. Let k(x) be the function defined by
(—1=2x=51-39),
(10.9) h(x) = {
x4+ 1 — 871 Q-s8s<=x=1).
Define w(x) =[11K(x, y)k(y)dy. Then

+1
(10.10) 2] = H K(x, y)dyH <e
1-3

for é sufficiently small by Lemma 5.3. Also by the argument used in Theorem
4.3

+1

(10.11) Sow = w“f 1+ )21 — x)"12p(x)dx < €
-1

for ¢ sufficiently small.

LeEMMA 10.5. Given €>0 there exists a v(x) ED(Q) such that ||o|| <e and

10.12 im (1 — 22)1/%'(x) = 1.
( ) lim (1 — «%)'/2%/'(x)
z—1
Proof. Let
z t2n
(10.13) v.(x) = f_l m dt

We can choose # large enough so that ||s,|| <e. Furthermore Qv,(x) is a poly-
nomial by (1.5), so that 9, ED(Q).

LEMMA 10.6. The set Z defined in Definition 9.1 is dense in Co[— 1, +1]
if o+v>0 and is dense in the manifold defined by (9.4) if 6+ =0.

Proof. First suppose ¢ >0. Since D(Q) is dense in Co[—1, +1] it will be
sufficient to show that to each kED(Q) and each €>0, we can find a w, such
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that ||w]| <e and h+w.EZ. This can be done by choosing a constant 4 so
that
+1

(10.14) p2h(1) — . h(x)dp(x) + vo:k + o ilil} Qh(x) — Ae(w) — Ao

= hy — Ae(w) — Ao = 0,

where w satisfies (10.8) and

+1

(10.15) e(w) = paw(l) — rf w(x)dp(x) + vow.

-1

This gives A =ho(e+0)~! and since, by Lemma 10.4, we can choose w so
that e(w) is arbitrarily small, there are finite values of 4 satisfying (10.14).
We can now put w.=Aw with ||[4w||<e. If =0 but ¥0, then the proof
follows along the same lines using Lemma 10.5. The statement concerning the
case o +v =0 is obvious.

Proof of the theorem. Suppose a set Z of the type in Definition 9.1 is
given. The function f(x) defined by (9.5), (9.6), (9.7), and (9.8) is a solution
of Af—Qf=h by Theorems 4.2 and 7.1. Lemmas 10.1 and 10.2 show that,
given h&Co[—1, +1] there is a unique solution of Af—Qf=*% in Z. Lemma
10.3 and Theorem 8.1 show that f is positivity preserving and \||f]| <||#]|.
These results combined with Lemnfa 10.6 show that Q/2 satisfies the condi-
tions of the Hille-Yosida Theorem (Theorem 1.1), which proves Theorem 9.1.

11. The adjoint semi-groups. We now wish to investigate the semi-
groups adjoint to those generated by Q. This requires a study of the adjoint
resolvent. We introduce the I, following [3].

DEFINITION 11.1. We denote by Lo[—1, +1] the Banach space of pairs
lg(x), g] where g(x) EL[—1, +1] and g, is a real number, and ||[g(x), g.]]|
= | &af +lg] z-

Although the adjoint resolvent is a transformation from B.V. [—1, +1]
to itself, we shall not need the full adjoint for our purposes. As in the differ-
ential equations case our adjoint resolvent maps the Banach space B.V.
[—1, +1] into the space LZ,[—1, +1] and we must, therefore, in order to use
the Hille-Yosida Theorem, consider the contraction of the adjoint to
Lo[—1, +1]. In the case of two free boundaries we must take the space
L[—1, +1] of triples [gi, g(x), g:] with the obvious norm.

Let [g(x), g2] be an arbitrary element of L,. Let FEC, and f=R(\)-F,
and G=R*(\)g. We then have

+1

+1
(11.1) gf(1) + f(x)g(x)dx = GoF(1) + F(2)G(x)dx.

-1

Now, substituting (9.5) into (11.1) we obtain
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+1

(11.2) Gy = ga- g\ + g2 £a(x)g(x)dx,

—1
+1 +1
(11.3) G(s) = Q(s) {gg)\“ + Ez(x)g(x)dx} + f T(x, s)g(x)dx.
—1 -1
In this section we prove some preparatory lemmas.

LEMMA 11.1. Let v(x) EB.V. [—1, +1] be monotonic with lim,. 1+ v(x) =v,
and lim,_ 11~ v(x) =v.. Define

+1
(11.4) 5z) = f I'(z, y)du(3),

-1

then s€L[—1, +1] and

_ L. +1 5(¢)-dt
(11.5) 7«1 essential limit P =

z—(-1y a1 t—=x

®,7, j =1, 2,

exists. Furthermore, o satisfies

(11.6) )\fxzz';(x)dx — {W‘IP " v(l)dt} ” = o(x;) — v(x1)

1 —lt"le

for each pair x,, x:E[—1, +1].
Proof. It is easy to show, using (2.9), that %(x) is a solution of

+1 +1
(11.7) 3(x) + N K(x, y)5(y)dy = K (=, y)du(y).

1 -1
A formal integration by parts in (11.7) gives

+1 %
(11.8) #(x) = (1 — &)2(x—1)P f WO o), ae.
-1 (1= )y — w)
where V(x) = [13(x)dx. To justify this, first note that the integrals in (11.7)
are finite for almost all x. For such a value of x, we can integrate by parts
over the region —1<x—e<y<x-+e<1l. It is easily seen from (5.10) that
lime.o [K(x, x+€) —K(x, x—e)]=0 for all x and that lim.., K(x, x+¢€)
[v(x+€) —v(x—€)]=0 for almost all x.
It has been shown by Ahiezer [1, cf. Lemma 1.2] that

+ S(y)dy
-1 (1 =991y — %)
is a transformation from the space L,[(1—x%)~Y2] of functions square

integrable on [—1, +1] with respect to the weight function (1—x2%)~V/2
to the space L,[(1—x2)'/?]. Since AV +v is an element of the former space, it

Tf=P
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follows that #2(1—x2?)-V2€L[—1, +1](*). We may now apply Lemma 2.1
to obtain

+1 ‘I—)(t)

(11.9) AV (z) + v(x) = — 1P
a1 t—x

dt+ A4 a.e.
This proves the existence of the ®;. Since lim,.; (\V+v) =9;, we must put
A =ess lim,.; 7-1P- [*1(3(t) /(¢ — x))dt+v,. Clearly (11.6) follows from (11.9).

COROLLARY 11.1. If v(x) is absolutely continuous in [—1, +1], then
&€ D(Q*) and

(11.10) N — Q= v

NOTATIONAL CONVENTION. Following the comvention used in [3) for the
differential equations case, we shall write (11.6) as

(11.11) N — Q%7 = Ao,

In case v is absolutely continuous we replace Av by v’ or use (11.10), which is
equivalent to (11.11) for absolutely continuous v.

LEMMA 11.2. In the notation of Lemma 11.1
+1 +1 +1 §(x)dx
)\f 9(x)no(x)dx + w‘zf (1 — )12 [Pf ]dt — B,

—1 -1 -1 x—t

+1
= f n2(x)dv(x).

-1

(11.12)

Proof. Using Lemma 11.1, we have

)\fH V(x)no!(x)dx + 1r—'~’f+1172’(x) {Ffﬂ ﬁ(t)d/} dx

-1 =1 a -z
+1
= - v(x)ng'(x)dx + Vg + 432

-1

(11.13)

where V(x) = [iv(x)dx. An integration by parts gives the result.
DEFINITION 11.2. We define

1 —1+e
Lo = lim f 9(x)dx,
-0 2(2¢)1/?

-1

. 1 l
Ly = len_)’]:; 2(26)1/2 j;_‘ﬁ(x)dx.

LeEMMA 11.3. If v€B.V. [—1, +1] and 9 is defined as in (11.4), then
Li=0 for i=1, 2. : .

(%) It is also quite easy to verify this directly.

(11.14)
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Proof. Since from

(11.15) f_+[ [ _ (s )iy || (o) | < f_+[ ) _ K(s 9y ]| (2 |,

it will be sufficient to show that the last integral is o(e'/2). Without loss of
generality, we may assume that v(x) is nondecreasing. We introduce the
following notations for this proof:

I, = f_z—h{ 1; K(x, y)dy} dv(x),

Ie_>=fl { 1 K(x, y)dy} dy(x)
and

(11.17) Kz, 9) =log (1 — z-y — (—1)((1 — a3)(1 — y))1/2), 4 =1,2.

Note that lx—yl > e throughout the region of integration in I,. In this
region for e sufficiently small, using (5.10),

(11.16)

(11.18) K(z, 9) = | K:1| +| K| < 2 log e?/2
and so
(11.19) | I]| < [2¢]log €2/2] ] var ».

We next estimate I,. Performing the inner integration we get
. .
(11.20) | I, ] gf | 2 — 14+ ¢| K(x, 1 — e)do(x) + o(e!?).
1—2¢

In the region of integration, for € small enough, K(x, €) <4 log (] x—1 +el /2),
from (11.20) and the definition of I;. Hence I;=0(e"?), and Ly;=0. Because
of the symmetry of I'(x, ¥), the proof that L;=0 is the same.

LeMmA 11.4. The general solution of
(11.21) N—Qf=0

in L[—1, +1] is given by f=At}+ Bt} where A and B are constants and £}
is defined in Theorem 4.3.

Proof. That £f and £ are solutions of (11.21) follows from (1.5) and
Theorem 4.2. Suppose f is a third solution. By the duality principle stated in
§1, there exist constants a, b, and ¢ such that [2f, [#F, and [%] are solutions
of \F—QF=0. By Theorem 7, there exist constants 4, B, and C such that
Clif=A[3#F+B/[%%. Since & and & are independent, C>0, and the lemma is
proved.
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COROLLARY 11.2. No solution of (11.21) in L[—1, +1] satisfies Lif = Lyf
=0,

Proof. This follows from Lemma 11.4 and the fact that

1 i=7),
(11.22) LEr = { (. ].)
0 (2 # J).
LEMMA 11.5. If [Tlv2(1 —x2)~V2dx < =, then
+1 +1 y(x)da
(11.23) f 1 - tz)‘m[P ]dt = 0.
-1 1 x—t

Proof. It is not difficult to verify this by direct methods, but a more in-
structive proof is the following. Letting ¢(x)=v(x)(1—x%)~2, we have
JHo(x)(1 —x?)V2dx < w. Using Lemma 1.2, we put ¢(x) = > s, @i Pi(x)
and conclude that Té= D o, arQeui(x). Hence (11.23) is equal to

i1 xS 1] Qrya(x) (1 —2%)~2dx =0.

12. The adjoint resolvent and the forward equation.

THEOREM 12.1. If ¢>0, then (11.2) and (11.3) define the resolvent of a con-
traction semi-group with range dense in Lo[—1, +1]. The resolvent can be
written

(12.1) [6(x), Ga] = (NI — 2%~ [g(=), ge]
where Q* is defined by

(12.2) G — G — — Ap2g,
g
(12.3) £ + LGy + 046 = g
g

where B, is defined in (11.5), restricted by the lateral condition
(12.4) oLG = vG,, LG=0
with L; defined as in (11.14).

If =0, then G;=0 and we restrict considerations to the contraction of the
adjoint resolvent to L[—1, +1]. This contraction has range dense in L[—1, +1]
and is the inverse of NI —Q*, where Q* is defined by
(12.5) \G — Q*G—picpz-Apgg

2

restricted by the lateral condition

(12.6) LG = — pl &G, LG =0.
2
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The next section will be devoted to the proof of this theorem. We wish to
remark that if 7=0 then (12.5) becomes A\G—Q*G =0 and (12.6) is the
analogue of the classical boundary conditions for the forward equation of
diffusion theory.

13. Proof of Theorem 12.1.

LeEMMA 13.1. The range of the transformation on Lo[—1, +1] defined by
(11.2) and (11.3) is independent of X and dense in Ly[—1, +1] or L[—1, +1]
according as 0 >0 or ¢=0.

Proof. For fixed N a function G is representable in the form (11.3) if and
only if it is of the form

(13.1) G =AG + BH

where A and B are constants and

(13.2) N — QG =g, NH— QH=Ap

for some g&L[—1, +1] and some p of the form described in Definition 9.1.

The set defined by (13.1) and (13.2) is independent of A, since if (13.2) holds
for A=NX\,, then

G — @G = g+ (N — No)G,
NH — Q*H==Ap+ (N — N)H
and so G is of the form (13.1).
The density of the range follows from the fact that D(Q2*) is dense in

L[—1, +1] and that, given g&EL[—1, +1], we can determine g, so that
(11.2) is satisfied.

LEMMA 13.2. The transformation from Lo[—1, +1] to itself, defined by
(11.2) and (11.3), is positivity preserving and
(13.4) NG Gl < |l Le, g]ll.

Proof. The positivity is clear. To prove the norm condition we need con-
sider only the case g=0. We have, using (7.8),

(13.3) .

MGGl = fos+ [ sosarast {o + _jlo<s>ds}

(13.5)

+1

+ g(9) {1 — Maa(s) — Mea(s) }ds,

and since ||Q*|| <1 from Lemma 10.3, it follows that

+1 +1
(13.6 NG G|l = g2 + f_l gwax = [  t@eds < lg |
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Proof of the theorem. (1) The case o >0. Equation (12.2) is an obvious
consequence of Lemma 11.1 and Corollary 11.1.

To prove (12.3), let g(x) be the function defined in (11.10). By Corollary
11.1, we have

+1 +1

(13.7) F(®)ne(x)dx —

— -1

+1
g = [ @ 2@ o,

-1
On the other hand, from the definition of g and (7.7) we get

+1

+1
(13.8) MO g @m(dx = f ¢() Ina() — Nea(#) Jd,

—1 —1
and therefore

+1 +1
(13.9) A g(x)&(x)dx = —f 72(%)Q¥g(x)dx = — Pog + Tog

—~1 -1
where

(13.10) Tog = 7 f 1= e [? " g(x)dx] dt.

-1 1 x—1

In a similar way, using Lemmas 11.1 and 11.2, we have

+1

(13.11) w4 £2(x)dp(x) — MyA " £ (x)nx)dx = — &0 + TQ.
1

—1 —

Hence from (10.5)

+1
(13.12) A E(x)dp(x) — Mydw + vA = — &0 + ToQ.

-1

From (13.9) and (13.12)
— &G + TG

(13.13) {32 +A f i Ez(x)g(x)dx} {f , " E(2)dp(x) — vAw + 1}

-1 -1

P+

2

14 x\1/2
(2

hence, by Lemma 11.5, T2G = (v/7)G.. This substitution in (13.13) gives (12.3).

Y
— g+ —G=— g+ N+ Go..
p .

From (1.5) we have
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That the lateral condition (12.4) holds follows from Lemma 11.3 and the
definition of G.

If the solution were not unique, we could find a solution of (11.21) which
satisfies

Lf = Lof = 0,

but this contradicts Corollary 11.2.

(2) The case 0 =0. In this case we may, for our purposes, consider the ad-
joint resolvent as a transformation from L[—1, +1] to itself since Gy=0.
This contraction is given by

+1
(13.14) G(x) = g(x) + Q(x) £x(s)g(s)ds.

-1

By a calculation similar to that used in the first equation of (13.13) we have

+1

(13.15) A £(x)g(x)dx = (TG — 2:G)(p2 + 7).

-1

Also by Lemmas 11.5 and 11.3 and (11.22)

+1

(13.16) - TG = v4 £(x)g(x)dx = LG.
-1

Hence,

(13.17) (p2 + VLG = v(TG — 0).

By (13.15) and (13.16) this reduces to (12.6). Equation (12.5) now follows
from this result. :

14. The two boundary case. In the previous sections we have assumed
for simplicity the boundary condition f(—1)=0 and have shown that the
semi-groups generated by @ and their adjoints have the same structure as
the semi-groups associated with the parabolic differential equations with
“regular boundaries,” cf. [3]. It is only the analytic method of establishing
this structure which is different in our case. Once this analogy has been
proved, the method given in [3] for the transition from one free boundary
to two is applicable. A comparison of our resolvents and lateral conditions
to those given in [3, §19] shows that they have the same form with
lim..o (f(1) —f(1 — €) /€2 replacing lim,.; eB@f'(x) for the backward equation,
and lim,.; (G'(x) —b(x)G(x)) replaced by ess. lim,.; 7P [T1G(x)dx/(x—1)
and lim,.; eB®@G(x) by lim..o (2(2€)V2)~V2[]_,G(x)dx in the resolvents and the
lateral conditions of the forward equation. As was pointed out in the intro-
duction, this means that the analogue to the classical boundary conditions is
(0.9-10). In view of this, we shall only state the lateral conditions here and
refer the reader to [3] for the proofs and for the form of the resolvents. It is
necessary to introduce a matrix notation for the expression of the resolvents.
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The conditioning set 2 for the backward equation is the set of functions such
that

+1

(I —m— pu)f(—=1) — puof(1) = =1 f(x)dpi(x) — o1 lin_llﬂf(x)
+ oy lim = f(=1) — f(—1+ e),

o 21/2 ell?

(14.1) "
= pauf(—1) + (1 — w2 — pas)f(1) = 72 f(x)dpa(x) — o2 lirln Qf(x)

T f(1) —JA =¥

- T2 lim
e 212 €ll2

where

i = 0, 2 0, 20, 2 0,
(14.2) bii T 7 T ,

pa+ pe+mt+rs1, i=1,2,

and p;(x) are nondecreasing, with
(14.3) lim p;(x) =0, lim p;(x) = 1.

z—-1t z—4 1

We may replace the last term in each of the lateral conditions in (14.1) by the
equivalent lim.ome~1 /211 (x) (1 —x?)V2dx and lim,.ome1f1_ f'(x) (1 —x2) V2dx,
respectively. Conditions (14.2) are necessary for the positivity preservation.

As in the differential equations case the relatively complicated lateral
conditions for the backward equation all lead to the following simple condi-
tions for the forward equation

m1-G1

o1 lim (2(2€)1/2)1 f G(x)dx,
(14.4) e
m2-Gy = o3 lim (2(26)”2)—1 G(x)dx

0

where ¢,50. If 0; =0 we get the analogue of the classical boundary condition,
namely (0-9—10).
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